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Prefacio
Los Congresos Latinoamericanos de Matemáticos (CLAM) son los encuentros matemáticos latinoamericanos de mayor envergadura e importancia en la región: incluyen
sesiones de conferencias y comunicaciones en la mayoría de las áreas, junto con una
serie de conferencias plenarias dictadas por distinguidos especialistas internacionales y
cursos para estudiantes de posgrado y jóvenes investigadores.
Organizado cada cuatro años en alguno de los países de las sociedades miembros de
la Unión Matemática de América Latina y el Caribe (UMALCA), los tres primeros
congresos se realizaron en Brasil, México y Chile en ese orden. La Unión Matemática
Argentina (UMA) obtuvo el honor de organizar el IV CLAM, del 6 al 10 de agosto de
2012.
Como adhesión a este significativo evento, la UMA decidió además modificar la fecha
de su Reunión Anual, tradicionalmente a fines de septiembre, y realizarla sólo por 2012
en agosto, más precisamente del 5 al 8, para permitir una amplia participación de la
comunidad argentina en ambos encuentros. Una sustancial parte de la Reunión Anual es
constituida por la rica oferta de diversos cursos para Profesores y Estudiantes. Muchos
de los Profesores a cargo de los cursos correspondientes a esta Reunión han redactado
notas que sirven de apoyo a los mismos. En este volumen ponemos a disposición de los
asistentes al curso y de potenciales interesados las notas de seis cursos de la Reunión
de Educación Matemática, a saber:
“Explorando construcciones geométricas con GeoGebra”, por Cristina Esteley,
Isabel Marguet y Analía Cristante.
“Secciones cónicas: ¿y esto,... para qué me sirve?”, por Gabriel Soto.
“Juegos matemáticos y análisis de estrategias ganadoras”, por Carlos D’Andrea.
“Generación de las ideas fundamentales de la Alfabetización Estadística a través
del trabajo con proyectos”, por Liliana Tauber y Mariela Cravero.
“Números, entre la creación y el descubrimiento”, por Gastón García.
“Introducción a la investigación en Educación Matemática”, por Virginia Montoro.
Agradecemos a los autores de las diversas notas por su desinteresado esfuerzo; a la
instituciones que han permitido la realización de las Reuniones mencionadas y la edición
de este volumen; y finalmente a Emilio Lauret por su dedicación en la coordinación de
la reunión de todo el material.
Nicolás Andruskiewitsch
Córdoba, 10 de julio de 2012
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Introduction
The aim of these lectures is to introduce graduate students working on algebraic
geometry and related fields to the main ideas of the so called Minimal Model Program,
giving an overview of the subject. We have chosen to keep the lectures as elementary
as possible, and hope that it is accessible to students who have completed a one-year
basic course on algebraic geometry. In particular, we expect the students to be familiar
with [7], whose notation we will follow throughout the text.
Given the limitted time, we will not be able to go into the details of the amazing
techniques developed in the context of the Minimal Model Program. Great part of
these notes are devoted to reviewing the classification of surfaces, and translating it into
modern language, while introducing some of the concepts that are key to the Minimal
Model Program. We will spend very little time discussing the more recent and very
exciting advances in the subject (specially those in [3]). We hope with these lectures to
motivate the beginners to venture into more advanced material on the subject. We will
suggest some further reading at the end of the notes.
2010 Mathematics Subject Classification. 14E30.
The author was partially supported by CNPq and Faperj Research Fellowships.
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Throughout these lectures all varieties are assumed to be irreducible, reduced and
defined over the field C of complex numbers.
Curves and surfaces are always assumed to be irreducible, reduced and projective.
Recall that the Picard group of a projective variety X is the group Pic(X) of invertible
sheaves on X modulo isomorphism. Equivalently, Pic(X) is the quotient of the group of
Cartier divisors on X modulo linear equivalence. By abuse of notation, we often identify
a cartier divisor D on X with its class [D] in Pic(X).
We denote by Ω1X the sheaf of Kähler differentials of X, and by ωX = ∧dim X Ω1X its
canonical sheaf. We denote by KX ∈ Div(X) any divisor on X such that ωX ∼
= OX (KX ),
and call it a canonical divisor or the canonical class of X.
1. The classification problem in Algebraic Geometry
We are interested in the following classical problem.
To classify projective varieties up to birational equivalence.
What do we mean by this? Here are some of our goals.
• We want to distinguish vareties by means of invariants.
• We want to pick distinguished representatives on each birrational class. In some
sense, these representatives should be the “simplest” varieties in their class.
• Given a projective variety, we want to understand the birational transformations
needed to bring it to a distinguished representative of it class.
First of all, we recall the Hironaka’s famous Resolution of Singularities Theorem: any
projective variety X admits a resolution of singularities, i.e., there exists a smooth
projective variety X̃ and a birational morphism f : X̃ → X. So we can always assume
we start with a smooth variety, even though, as we shall see, it is unavoidable to work
with (mildly) singular varieties in order to achieve our classification goals.
1.1 (Classification of curves). A smooth projective curve is nothing but a compact
Riemann surface. Two smooth projective curves are birationally equivalent if and only
if they are isomorphic. So there is a unique smooth projective model in each birational
class of projective curves. We define genus g(X) of a smooth projective curve X as
g(X) = h0 (X, ωX ).
This numerical invariant allows us to completely solve the classification problem for
curves.
• g(X) = 0 if and only if X ∼
= P1 .
• g(X) = 1 if and only if X is an elliptic curve, and there is a 1-dimensional family
of those, parametrized by C (via the j-invariant).
• For each g ≥ 2, there is an algebraic variety Mg of dimension 3g−3 parametrizing
smooth projective curves of genus g.
For surfaces the situation is not as simple. Given a smooth projective surface S,
we can consider the blowup S̃ of S at a point P ∈ S. This is a smooth projective
surface birationally equivalent but not isomorphic to S. It is easy to argue that S is
“simpler” than S̃. It turns out that any smooth projective surface can be obtained from
a distinguished representative of its class by a sequence of blowups. Such distinguished
representatives are classically called minimal surfaces. We will revise and summarize
this theory in Section 2, explaining how the 3 goals pointed out in the beginning of the
section are achieved in this case.
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While the classification of surfaces was established by the Italian school by the beginning of the 20th century, the first developments on the classification problem in higher
dimensions started to take place in the beginning of the 1980’s with important ideas
from Mori and Reid, among others. With the contributions of many algebraic geometers, such as Kawamata, Kollár, Shokurov, just to mention a few, a powerful theory
of classification of projective varieties was then developed. This is called the Minimal
Model Program (MMP for short). The program was fully established for 3-folds by Mori
in [11], yielding him the Fields Medal in 1990. We will give an overview of this program
in Section 3.
Only part of the 3-fold theory could be carried out to higher dimensions, and new
ideas and techniques were required. A major achievement was obtained recently by
Birkar, Cascini, Hacon, and McKernan in [3]. We will address this briefly in Section 4.
2. Classification of projective surfaces
In this section we review the birational classification of complex projective surfaces.
We start by recalling the intersection theory on surfaces. Then we state some of the
classical results of Castelnuovo and Enriques. We refer to [7, Chapter V] and [2] for
details and proofs.
At the end of the section, we rephrase these results from a modern perspective. This
reinterpretation suggests generalizations to higher dimensions, which will be explored
in the forthcoming sections.
2.1. Intersection theory on surfaces. Let S be a smooth surface.
Theorem 2.1 (Intersection form on surfaces). There exists a unique symmetric bilinear
form
· : Div(S) × Div(S) → Z
satisfying the following conditions.
(1) Given D, D0 ∈ Div(S), the intersection number D · D0 depends only on the linear
equivalence classes of D and D0 .
(2) If C and D are curves on S meeting transversely, then C · D = ](C ∩ D).
Definition 2.2. Two divisors D, D0 ∈ Div(S) are said to be numerically equivalent if
D · C = D0 · C for every curve C ⊂ S. In this case we write D ≡ D0 . We write Num(S)
for the quotient group Div(S)/ ≡. By the Theorem of the base of Néron-Severi, Num(S)
is a finitely generated abelian group. Its rank is called the Picard number of S, and is
denoted by ρ(S).
Later on it will be important to consider also the ρ(S)-dimensional R-vector space
1
N (S) := Num(S)⊗Z R. The intersection form on S induces a nondegenerate symmetric
bilinear form · : N 1 (S) × N 1 (S) → R.
Example 2.3. S = P2 . In this case Pic(S) = Z · [H], where H ⊂ P2 is a hyperplane
section. The intersection form on S is given by H 2 = 1.
Example 2.4 (Hirzebruch surfaces). Let n ∈ Z be a non-negative integer, and consider
the Hirzebruch surface Fn = P(OP1 ⊕ OP1 (n)), with structure morphism π : Fn → P1 .
There is a section σ ⊂ Fn of π such that σ 2 = −n. If n ≥ 1, then such section is unique.
Moreover, if σ 0 ⊂ Fn is a section of π different from σ, then σ 02 ≥ n. We denote by
F ∼
= P1 a fiber of π. We have
Pic(Fn ) = Z · [F ] ⊕ Z · [σ],
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and the intersection form on Fn is given by
• F 2 = 0;
• F · σ = 1; and
• σ 2 = −n.
For n = 0, F0 ∼
= P1 × P1 . For n = 1, F1 is isomorphic to the blowup of P2 at one
point, and under this isomorphism σ corresponds to the exceptional divisor. For n ≥ 2,
Fn admits the following geometric realization. Let νn : P1 → Pn be the nth Veronese
embedding of P1 , given by (s : t) 7→ (sn : sn−1 t : · · · stn−1 : tn ). Let Z ⊂ Pn+1 be the
cone over νn (P1 ) with vertex P . Then Fn is isomorphic to the blowup of Z at the point
P , and under this isomorphism σ corresponds to the exceptional divisor.
Example 2.5 (Blowups). Let S be a smooth surface and P ∈ S a point. Let π : S̃ → S
be the blowup of S at P . We denote by E = π −1 (P ) ∼
= P1 the exceptional divisor of π.
We have
Pic(S̃) = π ∗ Pic(S) ⊕ Z · [E],
and the intersection form on S̃ is given by
• π ∗ D · π ∗ D0 = D · D0 for every D, D0 ∈ Div(S);
• π ∗ D · E = 0 for every D ∈ Div(S); and
• E 2 = −1.
Similarly, N 1 (S̃) = π ∗ N 1 (S) ⊕ R · [E], and thus ρ(S̃) = ρ(S) + 1. In this sense S is
simpler than S̃.
The following concept is very important.
Definition 2.6. Let S be a smooth surface. We say that a divisor D ∈ Div(S) is nef
if D · C ≥ 0 for every curve C ⊂ S.
Examples 2.7.
(1) Ample divisors are nef. We will see in Theorem 3.4 that nef divisors can be
characterized as limits of ample divisors.
(2) Let π : S → X be a morphism into a projective variety X, and let H be an
ample Cartier divisor on X. Then π ∗ H is a nef divisor on S. It is ample if and
only if π is finite onto its image.
2.2. Birational geometry of surfaces. We now come the problem of determining the
“simplest model” in each birrational class of surfaces.
Definition 2.8. A smooth surface S is called a minimal surface if the following condition
holds. If π : S → S 0 be a birational morphism onto another smooth surface, then π is
an isomorphism.
Given a smooth surface S, how to determine whether it is a minimal surface? We
recall that the structure of birational morphisms between smooth projective surfaces is
well understood.
Theorem 2.9 (Factorization of birational morphisms of surfaces). Let π : S → S 0 be
a birational morphism between smooth surfaces. Then π is the composition of a finite
number of blowups.
So, to show that S is a minimal surface, one must show that S is not the blowup of
any smooth surface. How do we check this condition?
Definition 2.10. A curve C on a smooth surface S is said to be a −1-curve if C ∼
= P1
and C 2 = −1.
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As we saw in Example 2.5, if S is the blowup of a smooth surface, then it contains
a −1-curve, namely the exceptional divisor of the blowup. The next theorem says that
the converse is true.
Theorem 2.11 (Castelnuovo’s contractibility theorem). Let S be a smooth surface, and
C ⊂ S a −1-curve. Then there exists a smooth projective surface S 0 and a point P ∈ S 0
such that S is isomorphic to the blowup of S 0 at P , and under this isomorphism C
corresponds to the exceptional divisor.
In the situation of Theorem 2.11, we say that S 0 is obtained from S by contracting
the −1-curve C. Now we can state the classical MMP for surfaces.
2.12 (MMP for surfaces - classical version).
(1) Start with a smooth projective surface S.
(2) Ask: Does S contain a −1-curve? If not, stop! S is a minimal surface. If yes,
pick one such curve C and go to (3).
(3) By Castelnuovo’s contractibility theorem, there is a blowup f : S → S 0 for which
C is the exceptional divisor. Go back to (1) with S replaced with S 0 .
This process must stop after a finite number of steps because the Picard number, which
is a positive integer, drops by one every time we contract a −1-curve.
The MMP for surfaces provides a first step in the classification of surfaces: it tells us
how to obtain a minimal surface in the birational class of any given surface. Then we
ask the following natural questions:
(1) Is the minimal surface in a given birational class unique?
(2) Can we classify minimal surfaces in terms of some numerical invariants?
These questions were also classically answered by the Italian school. We will give
the answers by the end of this section. At this point, we anticipate that the answer to
question (1) depends on the birational class of the given surface S. More precisely, it
depends on the behavior of the canonical class KS . In fact, as we shall see shortly, the
whole MMP for surfaces may be reformulated in terms of numerical properties of the
canonical class.
2.3. The role of the canonical class. As described in 2.12, it is not at all clear how to
generalize the MMP for surfaces to higher dimensions. More precisely, how to generalize
the question “Does S contain a −1-curve? ” to higher dimensions? Our next goal is to
rephrase the MMP for surfaces in such a way that it makes sense in arbitrary dimension.
The key role will be played by the canonical class KS of a smooth surface S and its
numerical properties.
We start by recalling a very useful result.
Theorem 2.13 (Adjunction formula for surfaces). Let C ⊂ S be a curve, and pa (C) =
h1 (C, OC ) the arithmetic genus of C. Then
2pa (C) − 2 = (KS + C) · C.
Remark 2.14. Let C ⊂ S be a curve. Then pa (C) = 0 if and only if C ∼
= P1 .
Examples 2.15.
(1) S = P2 . (Notation as in Example 2.3.) The canonical divisor is KP2 = −3H.
(2) S = Fn . (Notation as in Example 2.4.) The adjuntion formula applied to F and
σ yields:
KFn = −2E − (2 + n) · F.
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(3) Let π : S̃ → S be the blowup of a smooth surface. (Notation as in Example 2.5.)
The canonical divisor of S̃ is given by KS̃ = π ∗ KS + E.
Now we start rephrasing the classical MMP for surfaces in terms of numerical properties of the canonical class. The first step is to give a numerical characterization of
−1-curves.
Exercise 2.16. Let S be a smooth surface, and C ⊂ S a curve. Show that
C is a −1-curve
⇐⇒
KS · C < 0 and C 2 < 0.
It follows from Exercise 2.16, that if KS is nef (see Definition 2.6), then S is necessarily
a minimal surface. The converse is not true, as we shall see in Exercise 2.18.
Definition 2.17. A smooth surface is said to be a scroll if there exists a surjective
morphism π : S → B onto a smooth curve B whose fibers are all isomorphic to P1 . In
this case, it can be shown that there exists a rank 2 vector bundle E on B such that
S ∼
= P(E). Moreover, if E 0 is another rank 2 vector bundle on B, then P(E) ∼
= P(E 0 )
0 ∼
if and only if there is a line bundle L on B such that E = E ⊗ L. In particular, since
every vector bundle on P1 decomposes as a direct sum of line bundles, rational scrolls
are precisely the Hirzebruch surfaces.
A surface birationally equivalent to a scroll is called a ruled surface. A surface birationally equivalent to P2 is called a rational surface.
Exercise 2.18.
(1) Show that P2 and scrolls are minimal surfaces, except for F1 .
(2) Verify that if S ∼
= P2 or S is a scroll, then KS is not nef.
(3) Let π : S → B and π 0 : S 0 → B 0 be scrolls. Show that S and S 0 are birationally
equivalent if and only if B ∼
= B0.
Conversely, it can be shown that the only minimal surfaces whose canonical classes
are not nef are P2 and scrolls. (See Theorem 2.26 for a more precise statement.)
To distinguish between minimal surfaces with KS nef and not nef, we introduce the
following concept, which will generalize to higher dimensions.
Definition 2.19. We say that a surface S is a minimal model if KS is nef.
Exercise 2.20. Let S and S 0 be birationally equivalent surfaces. Suppose that S and
S 0 are minimal models. Show that S ∼
= S 0.
(Hint: use the following structure theorem for birational maps between smooth surfaces: If ϕ : S 99K S 0 is a birational map between smooth surfaces, then there exist
compositions of blowups f : S̃ → S and g : S̃ 0 → S, and isomorphism ψ : S̃ → S̃ 0 such
that ϕ = g ◦ ψ ◦ f −1 .)
Remark 2.21. At this point one may ask whether a minimal model may be birational
equivalent to a scroll. The answer is no. At the end of this section we will introduce
birational invariants that can be used to distinguish between these two types of surfaces.
Next we introduce the Mori cone of a surface.
Definition 2.22. Let S be a smooth surface. The Mori cone of S is the closed convex
cone N E(S) ⊂ N 1 (S) generated by classes of curves C ⊂ S.
Definition 2.23. An extremal face F of a cone N ⊂ Rn is a subcone of N satisfying:
u, v ∈ N and u + v ∈ F

⇒ u, v ∈ F.

A 1-dimensional extremal face of N is called an extremal ray.
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Let D : Rn → R be a linear function. We write ND≥0 for {z ∈ N | D(z) ≥ 0}, and
similarly for ND=0 , ND≤0 , etc. An extremal face F ⊂ N such that F \ {0} ⊂ ND<0 is
called a D-negative extremal face. If F ⊂ ND=0 , then we say that F is supported on D.
Exercise 2.24.
(1) Let S be a smooth surface and P ∈ S a point. Let π : S̃ → S be the blowup
of S at P . We denote by E = π −1 (P ) ∼
= P1 the exceptional divisor of π. Show
that [E] ∈ N 1 (S̃) generates an extremal ray of N E(S̃).
(2) Let n ∈ Z be a non-negative integer, and consider the Hirzebruch surface Fn =
P(OP1 ⊕ OP1 (n)), with structure morphism π : Fn → P1 . Denote by σ a section
of π such that σ 2 = −n, and by F a fiber of π. Recall that {[σ], [F ]} is a basis
for N 1 (S). Since N E(S) is a closed convex cone in a 2-dimensional vector space,
it must have exactly 2 extremal rays. Show that these are generated by [σ] and
[F ].
(Hint: for n ≥ 1, consider the structure morphism π : Fn → P1 and the blowup
f : Fn → Z onto the cone over νn (P1 ) described in Example 2.4.)
In general, the cone N E(S) may be “round”, and an extremal ray R ⊂ N E(S) may
not be generated by the class of a curve. (See [9, Example 1.23].)
We observe that in Exercise 2.24 every extremal ray R ⊂ N E(S) is generated by the
class of a curve, and moreover there exists a morphism ϕ : S → Y with the following
property. For any curve C ⊂ S, ϕ(C) is a point if and only if [C] ∈ R. This motivates
the following definition.
Definition 2.25. Let S be a smooth surface, and F an extremal face of the Mori cone
N E(S). A contraction of F is a morphism with connected fibers ϕF : S → Y onto a
normal projective variety Y satisfying following property. For any curve C ⊂ S, ϕF (C)
is a point if and only if [C] ∈ F .
If the contraction of an extremal face of N E(S) exists, then it is unique by Stein
factorization. The next theorem asserts that if R is a KS -negative extremal ray, then
the contraction of R always exists. It also gives a complete description of the contraction
in this case.
Theorem 2.26. Let S be a smooth surface, and R a KS -negative extremal ray of the
cone N E(S). Then R = R≥0 [C] for some rational curve C ⊂ S (with KS · C < 0).
Moreover, the contraction ϕR of R exists, and is one of the following:
(1) If C 2 < 0, then ϕR : S → S 0 is the blowup of a smooth surface S 0 at one point,
and C is the exceptional divisor.
(2) If C 2 = 0, then ϕR : S → B realizes S as a scroll over a smooth curve B, and
C is a fiber of ϕR .
(3) If C 2 > 0, then S ∼
= P2 , and ϕR : P2 → pt.
Definition 2.27. We call the morphisms of type (2) and (3) above Mori fiber spaces.
We are now ready to rephrase the classical MMP described in 2.12 in modern language.
2.28 (MMP for surfaces - modern version).
(1) Start with a smooth projective surface S.
(2) Ask: Is KS nef? If yes, stop! S is a minimal model. If not, pick a KS -negative
extremal ray R of the cone N E(S) and go to (3).
(3) Let ϕR : S → Y be the contraction of R. Ask: Is dim Y < 2? If yes, stop!
ϕR : S → Y is a Mori fiber space. If not, ϕR is the blowup of a smooth surface.
Go back to (1) with S replaced with Y .
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2.4. Birational invariants. We introduce some birational invariants for surfaces.
Definition 2.29. Let S be a smooth surface.
(1) The genus of S is pg (S) := h0 (S, ωS ).
(2) More generally the plurigenera of S are Pn (S) := h0 (S, ωS⊗n ), where n is a positive
integer.
(3) The irregularity of S is q(S) := h0 (S, Ω1S ) = h1 (S, OS ). (The last equality follows
from Hodge duality.)
Theorem 2.30. The quantities pg , Pn and q are birational invariants for smooth surfaces.
Proof. Let S and S 0 be smooth surfaces, and ϕ : S 99K S 0 a birational map. Then
there is a finite subset ∆ ⊂ S such that ϕ|S\∆ : S \ ∆ → S 0 is a morphism. Given a
2-form ω ∈ H 0 (S 0 , ωS 0 ), we get a form ϕ∗ ω ∈ H 0 (S \ ∆, ωS\∆ ). We may view ϕ∗ ω as a
meromorphic form on S with poles along ∆. Since ∆ has codimension ≥ 2 in S, ϕ∗ ω
extends to a 2-form ϕ∗ ω ∈ H 0 (S, ωS ). This yields an inclusion H 0 (S 0 , ωS 0 ) ⊂ H 0 (S, ωS ).
The same argument gives the reverse inclusion. Hence pg (S) = pg (S 0 ).
The proof of birational invariance of Pn and q is analogous.

Exercise 2.31. Compute the birational invariants pg , Pn and q for rational and ruled
surfaces. (Hint: choose a suitable birational model.)
It turns out that the birational invariants pg , Pn and q may be used to characterize
rational and ruled surfaces. This is the content of the next result.
Theorem 2.32 (Numerical characterization of rational and ruled surfaces). Let S be a
smooth surface.
(1) (Castelnuovo) S is rational ⇐⇒ q(S) = 0 and Pn (S) = 0 ∀n ≥ 1 ⇐⇒
q(S) = 0 and P2 (S) = 0.
(2) (Enriques) S is ruled ⇐⇒ Pn (S) = 0 ∀n ≥ 1 ⇐⇒ P12 (S) = 0.
Next we define Kodaira dimension. We give the definition for arbitrary smooth projective varieties, and then we especialize to the surface case.
2.5. Kodaira dimension. Let X be a smooth projective variety of dimension n ≥ 1.
Let D ∈ Div(X) be a divisor and suppose that H 0 (X, OX (D)) 6= 0. Pick a basis
{s0 , · · · , sk } for H 0 (X, OX (D)) ∼
= Ck+1 , and consider the rational map ϕ|D| : X 99K Pk
k
that sends a point x at which
 not all the si ’s vanish to the point s0 (x) : · · · : sk (x) ∈ P .
We have 0 ≤ dim ϕ|D| (X) ≤ n.
Definition 2.33. Let X be a smooth projective variety
n ≥ 1, and D ∈
 of dimension
0
Div(X). Define the semigroup of D to be N(D) = m ≥ 0 H (X, OX (mD)) 6= 0 .
The Iitaka dimension of D is defined to be
(
− ∞,
if N(D) = {0}
n
o

κ(D) =
max dim ϕ|mD| (X) m ∈ N(D) , if N(D) 6= {0}
Note that κ(D) ∈ {−∞, 0, 1, · · · , n}. It can be shown that there exist positive constants c1 and c2 , depending on D, such that, for m ∈ N(D) sufficiently large, we have
c1 · mκ(D) ≤ h0 (X, OX (mD)) ≤ c2 · mκ(D) .
We say that the divisor D is big if κ(D) = n.
The Kodaira dimension of X is defined to be κ(X) := κ(KX ).
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Exercise 2.34. Show that the Kodaira dimension is a birational invariant for smooth
projective varieties.
Examples 2.35.
(1) Curves. If dim(X) = 1, then κ(X) ∈ {−∞, 0, 1}.
• g(X) = 0 ⇐⇒ X ∼
= P1 ⇐⇒ −KX is ample ⇐⇒ κ(X) = −∞.
• g(X) = 1 ⇐⇒ −KX = 0 ⇐⇒ κ(X) = 0.
• g(X) ≥ 2 ⇐⇒ KX is ample ⇐⇒ κ(X) = 1.
(2) Hypersurfaces. Let X = Xd ⊂ Pn+1 be a smooth hypersurface of degree d. It
follows from the adjunction formula that KX = (−n − 2 + d) · H, where H is the
class of a hyperplane in Pn .
• d < n + 2 ⇐⇒ −KX is ample ⇐⇒ κ(X) = −∞.
• d = n + 2 ⇐⇒ KX = 0 ⇐⇒ κ(X) = 0.
• d > n + 2 ⇐⇒ KX is ample ⇐⇒ κ(X) = n.
Exercise 2.36. Let X and Y be smooth projective varieties, and suppose that κ(X) =
0. Show that κ(X × Y ) = κ(Y ).
Conclude that, for each positive integer n, and each κ ∈ {−∞, 0, 1, · · · , n}, there
exists a smooth projective variety X of dimension n and Kodaira dimension κ(X) = κ.
Definition 2.37. We say that a smooth projective variety X is of general type if κ(X) =
dim(X).
2.38 (Enriques’ classification of minimal surfaces). Let S be a smooth surface. Then
κ(S) ∈ {−∞, 0, 1, 2}. It follows from Theorem 2.32(2) that κ(S) = −∞ if and only if
S is a ruled surface.
On the other hand, if κ(S) ≥ 0, then the MMP for S as described in 2.28 ends
necessarily with a minimal model Smin . Moreover, by Exercise 2.20, Smin is unique up
to isomorphism.
Minimal models S of surfaces can be divided into the following classes, according to
the values of their birational invariants pg , Pn , q and κ:
(1) κ(S) = 0. There are 4 classes.
(a) pg (S) = q(S) = 0. These are called Enriques’ surfaces.
(b) pg (S) = 0 and q(S) = 1. These are called bielliptic surfaces.
(c) pg (S) = 1 and q(S) = 0. These are called K3 surfaces.
(d) pg (S) = 1 and q(S) = 2. These are abelian surfaces.
(2) κ(S) = 1. Such surfaces admit a fibration f : S → B onto a smooth curve whose
generic fiber is an elliptic curve.
(3) κ(S) = 2. Most surfaces lie in this class. These are called surfaces of general
type.
3. The MMP in higher dimensions
Now we want to extend the MMP for surfaces, as described in 2.28, to higher dimensions. Our first task is to introduce the intersection product, spaces of curves and
divisors, which are different spaces in dimension bigger than 2, and special cones on
them. The reference for most of this section is [9].
3.1. Intersection product and spaces of curves and divisors. Throughout this
subsection let X be a smooth projective variety.
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Definition 3.1. Consider the free abelian group Z1 (X) generated by curves on X. We
have an intersection product:
· : Pic(X) × Z1 (X) → Z
with the property that, if D ∈ Pic(X) and C ⊂ X is a curve, with normalization

n : C̃ → C, then D · C equals the degree of the invertible sheaf n∗ OX (D)|C .
Two elements D, D0 ∈ Pic(X) are said to be numerically equivalent if D · α = D0 · α
for every α ∈ Z1 (X). In this case we write D ≡ D0 . We write Num(X) for the quotient
group Pic(X)/ ≡. By the Theorem of the base of Néron-Severi, Num(X) is a finitely
generated abelian group. Its rank is called the Picard number of X, and is denoted by
ρ(X). We define the ρ(X)-dimensional R-vector space N 1 (X) := Num(X) ⊗Z R.
Similarly, two cycles α, α0 ∈ Z1 (X) are said to be numerically equivalent if D·α = D·α0
for every D ∈ Pic(X). In this case wewrite α ≡ α0 . We define the ρ(X)-dimensional
R-vector space N1 (X) := Z1 (X) ⊗Z R / ≡.
The intersection product on X induces a perfect pairing · : N 1 (X) × N1 (X) → R,
making N 1 (X) and N1 (X) dual vector spaces.
Next we introduce the Mori cone and the cone of nef divisors.
Definition 3.2. The Mori cone of X is the closed convex cone N E(X) ⊂ N1 (X)
generated by classes of curves C ⊂ X.
We say that a divisor D ∈ Div(X) is nef if D · C > 0 for every curve C ⊂ X. This is
equivalent to saying that D · α ≥ 0 for every α ∈ N E(X). So the dual cone of N E(X)
under the intersection product is the closed convex cone Nef(X) ⊂ N 1 (X) generated by
nef divisors. We call it the nef cone of X.
Remark 3.3. Similarly, one can define the cone of pseudo-effective divisors of X as
the closed convex cone Pseff(X) ⊂ N 1 (X) generated by classes of effective divisors.
It was proved in [4] that the dual cone of Pseff(X) ⊂ N 1 (X) under the intersection
product is the closed convex cone in N1 (X) generated by classes of the so called strongly
movable curves. Strongly movable curves are images in X of curves obtained as complete
intersections of suitable very ample divisors on birational modifications of X.
It is a formidable fact that many geometric properties of divisors depend only on their
numerical class. The following are two important manifestations of this phenomenon.
Theorem 3.4. Let D ∈ Div(X) be a divisor.
(1) ( Kleiman’s ampleness criterion.) D is ample ⇐⇒ D·` > 0 ∀` ∈ N E(X)\{0}.
This is equivalent to saying that the class of D lies in the interior of Nef(X).
(2) ( Kodaira’s lemma.) D is big ⇐⇒ the class of D lies in the interior of
Pseff(X).
3.2. The first theorems of the MMP. We want to run the program described in
2.28 starting with a smooth projective variety X of arbitrary dimension. We start by
asking whether KX is nef. If KX is nef, then we stop and say that X is a minimal
model. If KX is not nef, then we may pick a KX -negative extremal ray R of the Mori
cone N E(X). As we shall see in Theorem 3.11 below, R = R≥0 [C] for some rational
curve C ⊂ X, and the contraction of R (as in Definition 2.25) exists. Let us denote it
by ϕR : X → Y . If dim Y < dim X, then, as before, we stop and call ϕR : X → Y a
Mori fiber space. If dim Y = dim X, then ϕR is a birational morphism, and we would
like to replace X with Y and go back to the original question. Here we face a problem
that did not appear in the surface case: the variety Y may be singular. This situation
is illustrated in Example 3.6 below.
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Exercise 3.5. Let Y ⊂ PN be a smooth projective variety, and C(Y ) ⊂ PN +1 the cone
over Y with vertex P . Let X be the blowup of C(Y ) at the point P . Show that X is a
smooth projective variety.
Example 3.6. Let Y ⊂ P5 be the Veronese embedding of P2 , and C(Y ) ⊂ P6 the cone
over Y with vertex P . One can check that the canonical divisor KC(Y ) is not Cartier,
while 2KC(Y ) is Cartier. Let π : X → C(Y ) be the blowup of C(Y ) at the point P , and
denote by E ∼
= P2 the exceptional divisor. By Exercise 3.5, X is a smooth projective
3-fold. One can check that OX (E)|E ∼
= OP2 (−2). There is a morphism p : X → P2 , with
fibers isomorphic to P1 , which resolves the indeterminacy of the projection C(Y ) 99K
Y ∼
= P2 from the point P . One can show that Pic(X) = Z · [p∗ OP2 (1)] ⊕ Z · [E], and in
Pic(X) we have
2KX = π ∗ 2KY + E.
In Pic(X) ⊗Z Q we have
1
KX = π ∗ KY + E.
2
As for the space of 1-cycles, N1 (X) = R · f ⊕ R · `, where f denotes the class of a fiber
of p, and ` denotes the class of a curve on E corresponding to a line in P2 under the
isomorphism E ∼
= P2 . Note that f and ` are classes of curves contained on the fibers of
the morphisms p and π, respectively. Hence f and ` generate extremal rays of the mori
cone N E(X) ⊂ N1 (X). The intersection product of curves and divisors on X gives:
KX · f = −1 and KX · ` = −2. Hence both f and ` generate KX -negative extremal
rays of N E(X). The contraction of the ray R≥0 f is the morphism p : X → P2 , while
the contraction of the ray R≥0 ` is the blowup π : X → C(Y ). The latter is a birational
morphism onto a singular variety.
This simple example brings a point that was understood since the beginning of the
development of the MMP for higher dimensional varieties: singularieties are unavoidable,
and we must learn how to deal with them. A whole theory of singularieties was developed
in the context of the MMP. In these lectures we will only consider a small portion of
it. Namely, we will define the smallest class of singularieties S that unavoidably appear
when running the MMP starting with smooth projective varieties, and such that the
steps of the MMP are still valid for projective varieties with singularities in the class S.
Recall that we start the MMP by asking if KX is nef. For this question to make
sense, it is necessary that the divisor KX is at Q − Cartier, i.e., some nonzero multiple
of it is Cartier. In these lectures we will require something stronger, namely, that X is
Q-factorial.
Definition 3.7. Let X be an arbitrary projective variety. A Q-divisor on X is a Qlinear combination of prime Weil divisors on X. A Q-divisor D on X is said to be
Q-Cartier if some nonzero multiple of D is a Cartier divisor. Two Q-divisors D and
D0 on X are said to be Q-linearly equivalent if there exists an integer m > 0 such that
both mD and mD0 are Cartier and mD ∼ mD0 . In this case we write D ∼Q D0 .
We say that X is Q-factorial if every Q-divisor on X is Q-Cartier.
Remark 3.8. The vector spaces N 1 (X) and N1 (X), their intersection product, the
cones of curves and divisors introduced in the beginning of this section, and the Kodaira
dimension may all be defined more generally for Q-factorial projective varieties. We leave
this easy task to the reader.
If we start with a Q-factorial projective variety X, then we can ask whether KX is nef.
If the answer is no, then we pick a KX -negative extremal ray R of the Mori cone N E(X),
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and we wish to consider the contraction of R. Now we encounter another problem. The
Contraction Theorem that we need here is not valid for arbitrary Q-factorial projective
varieties. So we must consider a more restrictive class of possibly singular varieties. The
following definition is not intuitive, but it is the right one in our context.
Definition 3.9. Let X be a normal projective variety, and suppose that KX is QCartier. Let f : X̃ → X be a log resolution of X. This means that X̃ is a smooth
projective variety, f is a birational morphism
whose exceptional locus is the union of
P
prime divisors Ei ’s, and the divisor
Ei has simple normal crossing support. There
are uniquely defined rational numbers a(Ei )’s such that
X
KX̃ ∼Q f ∗ KX +
a(Ei )Ei .
Ei

The a(Ei )’s do not depend on the log resolution, but only on the valuations associated
to the Ei ’s.
We say that X is terminal if, for some log resolution f : X̃ → X, a(Ei ) > 1 for every
f -exceptional prime divisor Ei . If this condition holds for some log resolution of X, then
it holds for every log resolution of X.
Now we can state the first theorems of the MMP, which hold for the class of Q-factorial
terminal projective varieties.
Theorem 3.10 (Cone Theorem). Let X be a Q-factorial terminal projective variety.
There is a countable set Γ ⊂ N E 1 (X) of classes of rational curves C ⊂ X with 0 <
−KX · C ≤ 2 dim(X) such that
(1) for any ample divisor A on X, there are finitely many classes [C1 ], . . . , [Cr ] in Γ
such that
r
X
N E 1 (X) = N E 1 (X)(KX +A)≥0 +
R≥0 [Ci ], and
i=1

(2) N E 1 (X) = N E 1 (X)KX ≥0 +

P

[C]∈Γ

R≥0 [C].

Theorem 3.11 (Contraction Theorem). Let X be a Q-factorial terminal projective
variety. Let F be a KX -negative extremal face of the Mori cone N E(X). Then there
exists a unique morphism ϕF : X → Y onto a normal projective variety such that
(ϕF )∗ OX = OY , and, for any curve C ⊂ X, ϕF (C) is a point if and only if [C] ∈ F .
Definition 3.12. Under the assumptions and notation of Theorem 3.11, we say that
ϕF : X → Y is the contraction of F .
3.13 (Properties of contractions of KX -negative extremal rays). Let X be a Q-factorial
terminal projective variety. Let R be a KX -negative extremal ray of the cone N E(X),
and ϕR : X → Y the contraction of R. There is an exact sequence
(3.1)

f∗

0 → Pic(Y ) −→ Pic(X) → Z,

where the last map is given by intersection with a curve C ⊂ X such that R = R≥0 [C].
In particular, ρ(X) = ρ(Y ) + 1. The exceptional locus of ϕR is the locus of X consisting
of points at which ϕR fails to be a local isomorphism. One of the following situations
occurs.
(1) dim(Y ) < dim(X). We call such ϕR a Mori fiber space.
(2) The morphism ϕR is birational and the exceptional locus of ϕR consists of a
prime divisor on X. In this case, Y is a Q-factorial terminal projective variety.
We call such ϕR a divisorial contraction.
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(3) The morphism ϕR is birational and the exceptional locus of ϕR has codimension
at least 2 in X. We call such ϕR a small contraction.
Definition 3.14. A Q-factorial terminal projective variety X is called a minimal model
if KX is nef.
Let us resume our description of the MMP. We start with a smooth (or more, generally
Q-factorial terminal) projective variety X, and ask whether KX is nef. If KX is nef,
then X is a minimal model and we stop. If KX is not nef, then we pick a KX -negative
extremal ray R of the Mori cone N E(X), and consider its contraction ϕR : X → Y .
According to the description given in 3.13, there are 3 possibilities.
(1) If ϕR : X → Y a Mori fiber space, then we stop.
(2) If ϕR : X → Y is a divisorial contraction, then Y is Q-factorial and terminal,
and we go back to the original question with X replaced with Y . In this case
ρ(Y ) = ρ(X) − 1.
(3) If ϕR : X → Y is a small contraction, then we are in trouble for the following
reason.
Claim 3.1. Under the assumptions of 3.13(3), KY is not Q-Cartier.
Proof. Let C ⊂ X be a rational curve such that R = R≥0 [C]. Suppose that KY is
Q-Cartier, and consider the Q-divisor ϕ∗R KY on X. Since ϕR (C) is a point, we have
ϕ∗R KY · C = 0.
On the other hand, ϕ∗R KY coincides with KX in the open subset of X where ϕR is
an isomorphism. Since the exceptional locus of ϕR has codimension at least 2 in X, we
must have ϕ∗R KY = KX on X. However, by assumption, R is a KX -negative extremal
ray, and thus KX · C < 0, yielding a contradiction.

Since KY is not Q-Cartier, in case (3) we cannot hope to continue running the MMP
with X replaced with Y . The idea then is to do something different. Instead of contracting the ray R and replacing X with Y , we will perform a flip ψ : X 99K X + , and
go back to the original question with X replaced with X + . We will explain the notion
of flip in the next subsection.
3.3. Flips. We now come to a fundamental concept from the MMP.
Definition 3.15 (Flip). Let X be a Q-factorial terminal projective variety, and f =
ϕR : X → Y a small contraction associated to a KX -negative extremal ray R ⊂ N E(X).
A flip of f is a commutative diagram
ψ

X
f



Y

}

/

X +,

f+

+

where ψ : X 99K X is a birational map and f + : X + → Y is a birational morphism
satisfying the following conditions.
(1) KX + is Q-Cartier.
(2) The exceptional locus of f + has codimension at least 2 in X + .
(3) KX + · C > 0 for every curve C ⊂ X + contracted by f + .
We refer to [9, Example 2.7] for an example of flip.
It is a difficult task to prove the existence of flips. In dimension 3, it was proved by
Mori in [11]. In dimension 4, it was proved by Shokurov in [13]. In [6], Hacon and McKernan proved that flips exist in dimension n provided the existence of minimal models
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in dimension n − 1. Using this inductive scheme, existence of flips in any dimension was
finally proved in [3]. Given the existence of flips, it is not so difficult to prove that it
satisfies the following properties.
3.16 (Properties of flips). Let the notation be as in Definition 3.15.
(1) The flip of f is unique up to isomorphism. In fact, the existence of f + : X + → Y

is equivalent to the finite generation of theOY -algebra ⊕m∈Z≥0 f∗ OX bmKX c .

Moreover, f + : X + → Y is precisely ProjY ⊕m∈Z≥0 f∗ OX bmKX c → Y .
(2) X + is a Q-factorial terminal projective variety.
Notice moreover that ψ : X 99K X + is an isomorphism in codimension 1. Hence, since
both X and X + are Q-factorial, we have ρ(X + ) = ρ(X).
Now we can finally describe the MMP in arbitrary dimension.
3.17 (MMP in arbitrary dimension).
(1) Start with a Q-factorial terminal projective variety X.
(2) Ask: Is KX nef? If yes, stop! X is a minimal model. If not, pick a KX -negative
extremal ray R of the cone N E(X) and go to (3).
(3) Let ϕR : S → Y be the contraction of R. There are 3 possibilities.
(a) If ϕR : X → Y a Mori fiber space, then we stop.
(b) If ϕR : X → Y is a divisorial contraction, then Y is Q-factorial and terminal.
Go back to (1) with X replaced with Y .
(c) If ϕR : X → Y is a small contraction, then consider the flip ψ : X 99K X + of
ϕR . Then X + is Q-factorial and terminal. Go back to (1) with X replaced
with X + .
In order to conclude the program, one must show that this process eventually stops.
Every time we perform a divisorical contraction X → Y , the Picard number drops by
one, ρ(Y ) = ρ(X) − 1. However, in the case of a flip X 99K X + , we have ρ(X + ) = ρ(X).
Therefore this process can only admit a finite number of divisorial contraction, while
we have the following question:
Does there exist an infinite sequence of flips?
Termination of flips in dimension 3 was proved in [12]. However, to this date the
answer to the question above is not known in arbitrary dimension. So the MMP as
described in 3.17 has not been established in higher dimensions. However, in certain
cases, a special instance of the MMP, called MMP with scaling was proved to terminate
in any dimension in [3]. This is the subject of the next section.
4. MMP with scaling
As we mentioned at the end of the previous section, if we start with a Q-factorial
terminal projective variety X, and run the MMP as decribed in 3.17, it is not clear that
the process terminates. There is however a variation of this program, called the MMP
with scaling, in which we start with an ample divisor H on X and, instead of choosing
an arbitrary extremal ray at each step of the MMP, we use the divisor H to narrow
(and sometimes decide) our choice of extremal ray. Here is how it works. At the first
step, if KX is not nef, then, instead of choosing an arbitrary KX -negative extremal ray
of N E(X), we proceed as follows. Since H is ample, N E(X) \ {0} is contained in the
half-space {H > 0}. We move the hyperplane {KX = 0} in N1 (X) toward {H = 0}
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until it supports an extremal face F of N E(X), and then we choose an extremal ray
contained in this face. More precisely, we define
n
o


λ = inf t ≥ 0 KX + tH ∈ Nef(X) ,
and choose an extremal ray of N E(X) supported on KX + λH. (We invite the reader
to draw a picture.) This is necessarily a KX -negative extremal ray. Then we continue
as in the ordinary MMP. If ψ : X 99K Y is a birational step in the MMP (i.e., either a
divisorical contraction or a flip), then we replace X with Y and H with ψ∗ H. The divisor
ψ∗ H is no longer ample. Nevertheless, the procedure just described can be repeated for
Y and ψ∗ H.
Definition 4.1. Let X be a Q-factorial terminal projective variety, and H a Q-divisor
on X. Suppose that KX + λH is nef for some λ ≥ 0. (This holds for instance if H is
ample.) We define the nef threshold of H by
o
n


λ(X, H) = inf λ ≥ 0 KX + λH ∈ Nef(X) .
The Rationality Theorem asserts that λ(X, H) ∈ Q.
Now we describe the MMP with scaling in more detail. We start with a Q-factorial
terminal projective variety X, and an ample divisor H on X. We will define inductively
(possibly finite) sequences of Q-factorial terminal projective varieties Xi ’s, together with
Q-divisors Hi ’s on them such that KXi + λHi is nef for some λ ≥ 0. For each i,
ψi : Xi 99K Xi+1 will be either a divisorial contraction or a flip from the ordinary MMP,
and Hi+1 = (ψi )∗ Hi .
Step 0. We set X0 = X, and H0 = H. We move to Step 1 with n = 0.
n


Step 1. Suppose we have constructed Xn and Hn . Set λn = inf λ ≥ 0 KXn +λHn ∈
o
Nef(Xn ) . We move to Step 2.
Step 2. We ask whether KXn is nef (or, equivalently,
if λn = 0).

If KXn is nef, then we stop and the sequence Xi ends with the minimal model Xn .
If KXn is not nef, then there exists at least one KXn -negative extremal ray R ⊂
N E(Xn ) such that (KXn + λn Hn ) · R = 0. We choose one such extremal ray Rn , and
let ϕn : Xn → Y be the contraction of Rn . We move to Step 3.
Step 3. We check which of the three possibilities described in 3.13 occurs. 
(1) If ϕn : Xn → Y is a Mori fiber space, then we stop and the sequence Xi ends
with Xn .
(2) If ϕn : Xn → Y is a divisorial contraction, then we set Xn+1 = Y and Hn+1 =
(ϕn )∗ Hn . Since (KXn + λn Hn ) · Rn = 0, by (3.1),

KXn + λn Hn ∼Q (ϕn )∗ KXn+1 + λn Hn+1 .
Since KXn + λn Hn is nef, this implies that KXn+1 + λn Hn+1 is also nef. We go back to
Step 1 replacing n with n + 1.
(3) If f = ϕn : Xn → Y is a small contraction, and ψ : Xn 99K Xn+ is the associated
flip, then we set Xn+1 = Xn+ , and Hn+1 = ψ∗ Hn . Consider the flip diagram:
ψ

Xn
f

Y

|

/

Xn+1

f+
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Since (KXn + λn Hn ) · Rn = 0, by (3.1), there exists a Q-Cartier Q-divisor DY on Y
such that KXn + λn Hn ∼Q f ∗ DY . Then KXn+1 + λn Hn+1 ∼Q (f + )∗ DY . By hypothesis
KXn + λn Hn is nef. Thus DY is nef and so is KXn+1 + λn Hn+1 . We go back to Step 1
replacing n with n + 1.
In [3], the MMP with scaling was proved to terminate in the following two important
cases:
(1) X is of general type (this is equivalent to saying that KX is big, i.e., KX lies
in the interior of Pseff(X)). In this case, the MMP with scaling ends with a
minimal model.
(2) X is uniruled (by [4] this is equivalent to saying that KX 6∈ Pseff(X)). In this
case, the MMP with scaling ends with a Mori fiber space.
Suggested reading
The reader interested in a more detailed and rigorous introduction to the MMP and
its techniques is referred to [9]. The texts [8] and [10] also provide a good introduction.
All of these cover the “classical” MMP.
There are many notes available in the web discussing the more recent results from [3],
including the MMP with scaling. In addition to [3] itself, the reader may consult the
expository paper [5]. Those interested in the MMP with scaling for uniruled varieties
exclusively may also look at [1].
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ENERGY PROBLEMS:
MODELING AND OPTIMIZATION METHODS
PROBLEMAS DE ENERGÍA:
MODELIZACIÓN Y MÉTODOS DE OPTIMIZACIÓN
CLAUDIA SAGASTIZÁBAL
Abstract. Los sistemas modernos de energı́a eléctrica proporcionan múltiples desafı́os para el área de Optimización. La penetración cada vez mayor de fuentes de energı́a renovable introduce incertidumbre en problemas tradicionalmente modelizados
de forma determinista. La liberalización del sector eléctrico trajo como consecuencia la necesidad de diseñar mercados apropiados para comercializar la energı́a. Estos
mercados deben garantizar inversiones y al mismo tiempo ser capaces de reflejar adecuadamente interacciones estratégicas entre los diversos agentes del sector. En todos
estos problemas es fundamental protegerse contra riesgos y volatilidades de precio o de
demanda. Del punto de vista de la optimización, el hecho de representar la incertidumbre, el riesgo, y/o la competencia de diferentes empresas en un mercado de energı́a
aumenta considerablemente el número de variables y restricciones del problema. Por
esta razón, en general se debe hallar un buen compromiso entre la representatividad
de los modelos y la resolución numérica de los problemas correspondientes: mientras más detallados sean los modelos, más difı́cil será la resolución del problema de
optimización correspondiente. En este minicurso explicaremos diferentes técnicas de
modelización y también como resolver problemas de optimización que presentan una
estructura especial, como separabilidad. Analizaremos algunas variantes de métodos
basados en relajación Lagrangeana, en la técnica llamada de Dantzig-Wolfe, y en la
descomposición de Benders. A lo largo de la exposición usaremos como hilo conductor
ejemplos de casos reales, para analizar el valor práctico de los métodos en términos
de su eficacia para la resolución de los problemas considerados.
Observación: este texto fue redactado a partir de diversos trabajos de la autora
citados en las referencias bibliográficas. Como tal, está escrito en inglés y no constituye
un trabajo original, sino más bien una compilación de resultados anteriores, organizada
para fines didácticos.
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Introduction
Since the early days of Operations Research (soon after the Second World War),
energy problems have provided a fertile field for application of the models and methods
of Optimization. Optimization techniques contributed significantly to the successful
resolution of several problems and provided the foundations for sound decision support.
These activities, driven by challenging and complex application problems requiring the
development of new algorithms, motivate in turn fundamental research. Such constant
intertwining had a great positive impact in both fields.
In the past decades, to certain extent in a worldwide trend, the energy sector has
undergone a restructuration that brought new interesting issues to be addressed by
optimization. After a shift towards a full liberalization of the electricity market, a
sequel of black-outs and the increasing concern on sustainable growth made the sector
focus on the research of fast, permanent, and reliable solutions that involve some level
of regulation as well as long-term planning programs. Decisions to be made by different
agents (utilities, operators, regulatory bodies, governments) must take into account
several conflicting objectives, of technical, economic, financial, or environmental nature,
and this at various stages of decision making, ranging from the real time to the strategic
government levels.
The great diversity of problems arising in the energy sector and the corresponding
diversity of perspectives for assessing these problems are simply too broad to be covered
here. Instead, we shall focus on some prototypical examples that give a good flavor of
the challenges this type of problems poses from the optimization point of view. In all
the examples, there is uncertainty that needs to be properly dealt with, as well as many
variables (usually mixed-integer) and constraints (often nonlinear).
This work, which essentially gathers material from different sources in the bibliographical references, focuses on optimal power management and equilibrium problems.
Section 1 starts with a general description of the energy sector and its related optimization problems. Section 2 focus on how to model power plants in the short term.
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In Section 3 we explain how to decompose large-scale or complex problems using Lagrangian duality and obtain a nondifferentiable dual problem, easier to solve. The
solution of the dual problem by inexact variants of bundle methods is addressed in Section 4 (a general convergence analysis for such methods can be found in the appendix).
A short description of the so-called primal-recovery techniques is given in Section 5.
Section 6 reviews two- and multi-stage stochastic programming problems as well as
their decomposition, in the framework of long term power management problems. The
final Section 7 is devoted to decomposition of variational inequalities, a useful setting to
understand competition in an electricity market modeled as a generalized Nash Game.
Unless specified otherwise, throughout we use the Euclidean inner product hx, pi =
x> p for two column vectors x and p, and denote the induced Euclidean norm by | · |.

1. Energy Problems. An Overview
An Independent System Operator (ISO) is an organization responsible for coordinating the operation of an electrical power system in an efficient and reliable manner,
preferably seeking the consumers welfare. Among other tasks, the ISO is in charge
of the dispatch, deciding how much electricity goes through each transmission line to
bring power from a given generating company to a given consumption center. The
ISO also manages the pricing of electricity, in a manner that depends on the degree of
liberalization of the power system the ISO coordinates.
The ISO as well as other agents in the energy sector use optimization methods to
make appropriate decisions on many fundamental issues, such as:
Generation and dispatch problems: how to operate -daily, weekly, or yearly- a mix
of power plants or an individual plant, taking into account specific technological
characteristics.
Transmission problems: how to deliver power through the electric network in a reliable manner.
Expansion problems: how to decide which plants are to be built in a five, ten, or
thirty years future, as well as their location and network connections.
Competitive market problems: how to understand competitive interaction between
several generating firms seeking to maximize profit.
Even if these problems are of different nature, they all involve maximal profits or minimal costs of generation, of transmission, of investment, of unsupplied energy. The
representation of the power system configuration depends on the chosen time horizon
(short, medium, long term). For example, transmission constraints can be represented
by box constraints, corresponding to simple exchanges between subregions, or by linear
or nonlinear inequalities, corresponding respectively to DC and AC power flows. Similarly, some parameters of the problem may have a deterministic or a stochastic nature,
depending on the considered time horizon. Such is the case of water streamflows, of the
evolution of oil, gas, and energy prices, and of demand of energy. In general, problems
with short time horizon model in detail technological constraints, while for long time
horizons the emphasis is put on a detailed model of uncertainty.
For all these problems, it is crucial to take into account specific features of electricity:
– power flows in the transmission network by following Kirchoff’s laws of conservation
of current and voltage in electrical circuits; and
– electricity is not storable, yet supply needs to meet the demand, which varies unwieldy.
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The first item above has an important impact in transmission planning. In most network
design problems, in telecommunication or transportation for instance, the routing of
commodities can be decided by a manager, or fixed by a rule minimizing some utility
(congestion, travel time, travel costs). By contrast, if the transmitted commodity is
electricity, the network operator cannot choose through which edges the electric power
is routed. As a result, when expanding the network capacity, adding new edges may
make the network nonoperational, due to the presence of power flows that are unfeasible
regarding Kirchoff’s laws. Moreover, it may very well happen that cutting off an edge
increases the network capacity. This specificity, known as transmission switching in
the area, has been used for long time by network operators to temporarily change the
topology of the system and increase transfer capacity or improve voltage profiles. For
expansion problems, by contrast, transmission switching was only recently introduced,
because its modeling increases significantly the number of 0-1 variables in the underlying
mixed-integer bilinear program. We refer to [FOF08], [MPS10], [KSK10] for more
details.
The second specific feature in the list above is not less important and has a double
impact for generation problems. First, since demand cannot be known in advance and it
takes time to generate power and distribute it through the network, a spinning reserve
of extra generating capacity needs to be available to the system operator within a short
interval of time. Such reserve needs to be enough but not too large, to keep costs low.
The presence of intermittent sources of power, for example produced by wind farms
that randomly change the generation levels of the system, make the determination of a
“proper” amount of reserve extremely difficult. Second, the decision of which plant to
dispatch is mainly based on generation costs. For thermal plants, such cost is related
to burning some fuel (fossil, nuclear). But for hydro-plants, “fuel” is the stored water,
which costs nothing. So, in principle, it seems cheaper to generate hydraulic electricity.
But for power generation purposes, water reservoirs are nothing but electricity storages;
since future streamflows are uncertain, so is the future availability of hydro-power.
Thus, having depleted reservoirs in the future may be very costly and can even result
in a black-out. It is then of paramount importance to devise sound mechanisms to price
water as a source of electric power. Most of the models follow [PP91], defining the cost
of water as its future cost of substitution, given by an estimate of the value function of a
large multistage stochastic linear program. Often such problems are simply intractable;
for the Brazilian power system, for example, uncertainty is represented by a tree with
120 time steps and 20119 scenarios. Only a combination of decomposition and sampling
methods is applicable in this case; see Section 6.
2. Optimal Power Management
The optimal management of many power units is a challenging problem, from both
economical and mathematical points of view. Because of interconnections between different electrical networks (of cities in a same country, or more generally, of countries in
a same region), power management activities can be split into two classes, of generation
and distribution, relatively independent of each other. Indeed, when solving generation
problems in an interconnected system, electricity can be brought from far away if there
is need, or, reciprocally, an excess of generation in some plant can be sent somewhere
else. This flexibility makes it possible to use efficiently power plants with strict generation rules but low costs, in combination with more expensive plants that can produce
electricity “as soon as required”. In a manner similarly, it is possible to exchange energy
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with countries under different climatic conditions or with shifted load peaks, to reduce
generation costs. However, the involved transmission costs and network losses should
be kept in mind.
Given an electric generation mix of power plants (hydraulic, thermal -fuel or nuclear
based-, eolian or other renewable), the aim is to minimize generation costs subject to
operating constraints of generation units and other external constraints, like network
flow capacities or satisfaction of demand. There are many different problems fitting
such a large framework. In particular, the time horizon chosen for the scheduling
highly determines the specificity of problems. Short, middle and long term decisions
have their own peculiarities that need to be reflected in the modeling. Originally, short
term problems were mostly modeled in a deterministic framework, see [BR92], [CR99],
[BDMS03]. The modern trend, induced by the increasing penetration of wind power
in the mix, is to employ stochastic models, to take into account wind uncertainty.
For longer terms, uncertainty needs to be represented in the model, not to have poor
solutions. Quoting from [BLRS01], during the French winter, demand has uncertainties
reaching up to several thousands of MW. When comparing this value to typical peak
loads (70000 MW), we see that for the modeling to yield any significant values, it must
explicitly incorporate the stochastic nature of the problem.

2.1. Variables and Constraints. The following problem constitutes a good example
of a realistic model. It is a short term problem, with detailed generation rules for
operation of each plant and of each unit inside a plant. The solution of such problems,
called of unit commitment gives a scheduling with directions for turning on/off all the
units and how much to generate at each of them, for every 30 minutes.
Consider a set I of power plants whose generation is to be optimized in a manner
that demand is satisfied at minimal cost. The decision horizon {1, . . . , T }, for example
T = 48 half-hours; and for simplicity demand is supposed to be known. Let pti denote
the energy produced by the power plant i ∈ I during the period t.
Hydraulic valleys are composed by plants and reservoirs, and each thermal plant
may have several generators, or units. Letting I be the total number of units in the
system, pt := (pt1 , pt2 , . . . , ptI ) stands for the generation vector of whole mix at each time
t; likewise, pi := (p1i , p2i , ..., pTi ) will be the generation vector of unit i for the whole
horizon of time.
Sometimes we will distinguish thermal and hydraulic components and write pt and
ph .
A generic formulation for the optimal power management problem is the following:
(
(2.1)

min C(p)
p

p ∈ S ∩D,

where p is the generation, C is the operating cost function and S, D represent, respectively, static and dynamic constraints.
Static constraints are organized in two different subsets: S = S1 ∩ S2 . The first
category, that is S1 , gathers coupling constraints which relate generation of different
units (and/or plants), like satisfaction of demand, network security, spinning reserve,
at each time step. They are generally represented by a large-scale linear system. For
example, if dt is the requirement of demand at time t, then satisfaction of demand (also
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called load constraint) is stated as follows:
X
(2.2)
pti = dt , for t = 1, . . . , T .
i∈I

For some models, demand is uncertain and depends on some random variable ξ. In this
case, dt (ξ) is also random, and both the static feasible sets and the generation variables
vary with uncertainty: S = S(ξ) and p = p(ξ).
Similar affine constraints can be written to include shortages and energy interchanges
between subsystems of the mix. Transmission constraints (bounding the capacity of
each arc in the network), and security constraints (ensuring the satisfaction of the
demand even after the outage of one line) are also static constraints of type S1 . In the
DC flow approximation model these constraints are linear, but, as opposed to demand
or reserve, they are often numerous, because the network has several hundreds of nodes.
With security constraints, there will be several hundred thousand linear constraints at
each time step. A possibility to avoid its explicit consideration is to introduce additional
(linear) constraints in S1 when necessary, along iterations.
The set S1 also includes constraints linking units in the same plant that are required
at each time step. For example, spinning reserve constraints, which guarantee that
there is enough power started up to quickly face most random events (unit outage,
errors in rain forecasts leading to underestimation of water inflows, etc).
Although some constraints, like reserve constraints, are naturally inequalities, we
formulate them in the form of equality constraints, by introducing slack variables. These
variables can be interpreted as the generation of a fictitious unit, say pt0 , whose operating
cost is zero. In (2.5) below we give the explicit form for the thermal spinning reserve
constraint.
The second category S2 represents static non-coupling constraints, like bounds on
generation levels, that are required at each time step and for each unit.
Finally, the set of dynamic constraints D = Dt × Dh includes all the operating rules
for each power plant, see § 2.2 below. Typically, in this set there is a coupling of
variables of the same unit/plant along time steps.
In general, describing the dynamic sets is not a simple task, because of their disparity: thermal, nuclear and hydro plants have very different technological characteristics.
Neither their operation costs nor their constraints are alike.
2.2. Power Plant Modeling. We give here some more details on the particular modeling of hydraulic and thermal plants. Note that in (2.1) it is assumed that each power
plant i can be described straightforwardly in terms of its generation pi . Actually, realistic models use state and control variables, denoted respectively by y and u, to represent
pi as a function of y and u. At first sight, this modification comes just to a change of
variables in (2.1). However, it is important to realize that, although (2.1) is formally the
same, the introduction of new variables can modify the structure of some constraints,
that may no longer be linear, neither convex.
2.2.1. Hydraulic plants. The hydro-generation ph depends on the discharge of water
flowing through turbines (denoted below by Q), on the water-head and sometimes also
on the spillage (denoted below by S). These values define state and control variables
for the system, denoted respectively by yh and uh .
More precisely, a hydro-valley is a set of interconnected plants and reservoirs with
natural inflows in each reservoir, see Fig. 1.
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Figure 1. A hydro-valley
For each reservoir i ≤ Ih , we let j ∈ UPi be the reservoirs immediately upstream (i.e.,
there is no other plant or reservoir in-between upstream the valley). The state variable
t
t
is the vector
for each time step t ≤ T . Each component yh,i
yh,i has components yh,i
 t 
Vi
t
yh,i
:=
,
Eit
where Vit is the volume of water stored in the reservoir at the end of the time step and
Eit is the evaporation during the time step. Evaporation depends on the current level
of reservoirs and known rates of evaporation. Sometimes the model needs to consider
the travel time of water between two hydro plants along the same valley. In this case,
t
the state yh,i
also includes upstream discharges: Qτj + Sjτ for τ ≤ t and j ∈ UPi .
The control variable uh,i has components uth,i for each time step t ≤ T . Each component uth,i describes volumes to be discharged (at the reservoir itself and at all the
reservoirs immediately upstream), either by flowing through turbines (Qti , Qtj ) or by
being spilled (Sit , Sjt ):


Qti


Sit

uth,i := 
t
 (Qj )j∈UPi  .
(Sjt )j∈UPi
We see that to represent ph,i := p(yh,i , uh,i ) we use T (2 + 2 + 2#UPi ) variables.
The modeling of run-of-river plants is simpler, since their generation is a portion of
the streamflow, immediately transformed into power, and subtracted from the demand
dt in (2.2). We refer to [GS12b] for more details.
Dynamic constraints are given by the stream-flow balance equations, establishing the
physical coupling of reservoirs in the hydro valley:
X
X
Qtj + Sit −
Sjt = Vit−1 + Ati − Ei ,
(2.3)
Vit + Qti −
j∈UPi

j∈UPi

Ati

where
is the natural water inflow during the time step, a deterministic forecast,
usually derived from a dynamic stochastic recourse model used for the medium term
model, as the one in Section 6.
Hence,
t
Dh,i := {ph,i = p(yh,i , uh,i ) : yh,i
and uth,i satisfy (2.3) for all t < T }
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Y

t+1
t
Dh,i . Since (2.3) is a linear equation relating yh,i
, yh,i
and uth,i , the

i≤Ih

inclusion ph ∈ Dh is a linear system, possibly large.
For hydraulic plants the operating cost function Ch (pth ) is the so-called future value of
water, i.e., the cost for time steps τ > t that would result from not having enough water
in the reservoirs to satisfy the load dτ . This substitution cost is given indirectly by the
extra thermal generation and/or shortages of power that might have to be faced in the
future, due to the lack of water. In some formulations, where the hydro-generation is
not an important portion of the mix, it is simply modeled with a quadratic function of
the water contents. For those systems predominantly hydraulic, it is estimated by using
a cutting plane approximation built with information from the medium term model:
Ch (pth ) ≈ max{ πtk , yht + δtk } ,
k≤K

where K is the number of cutting planes and, for each k ≤ K, πtk is a vector of appropriate dimensions and δtk is a scalar. Essentially, vectors π measure the sensitivity of Ch to
variations on the state variables, typically the volume of water stored in the reservoirs.
A distinctive feature of the future value function is that it is not decomposable, i.e., it
cannot be expressed as a sum of individual costs over the mix; [Sag12].
An important family of static constraints coupling units of the same plant is given by
the generation function for the reservoirs. As we mentioned, each plant generation pi
depends on the discharge of water flowing through turbines and on the water-head. In
turn, water-head depends on volumes upstream and downstream the reservoir. Also, for
some plants generation varies with spillage. For this reason, the non convex generation
function is first convexified and this convex hull is then approximated by a piecewise
linear function obtained using a Taylor expansion on the control variables (specifically,
on Qti and Sit ):
n
>
> t
Sh,1 ⊃ ph = p(yh , u) : pti = min {Pyk yh,i
+ Puki uth,i + dki }
k≤Ki
o
for all i ≤ Ih and t ≤ T ,
where for each i ≤ Ih , Ki is the number of pieces defining the linear function and,
for each k ≤ Ki , Pyk , Puki are vectors of appropriate dimensions and dki is a scalar.
Note that, via the volumes Vit , there is still a coupling along times due to (2.3). In
our formulation, we eliminate this coupling by using average volumes in the generation
function. This averaging, justified by the short time horizon, makes it possible to
include the generation function constraints in the static set S1 .
2.2.2. Thermal plants. For hydraulic plants both state and control variables are continuous. This is no longer the case for thermal plants, since on/off constraints require the
use of integer variables. Thermal dynamic constraints are modeled by a graph whose
nodes are associated with an integer operating mode utt,i , a generation level pti , and a
cost Ct .
A thermal unit can only be operated after completing start-up phases and following
some fixed output curves for the generation during shutdown or start-up times. There
are also maintenance periods where the unit must be off line. Besides, not any range
of variation is allowed for the generation.
Therefore, for thermal units we have that pti = p(pti , utt,i ); in particular, when the unit
is on line, utt,i > 0 and the generation level satisfies pti ∈ [pi , pi ].
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Suppose that It plants compose the thermal mix, and each plant j has Kj units
indexed in the set Jj . In order to model the plant operation by means of a graph
for each unit i we define the set of nodes as VGi := Vi \ Mi , where Vi := {(t, utt,i ) ∈
{1, . . . , T } × {0, 1}} and Mi := {(t, 1) ∈ {1, . . . , T } × {0, 1} : mti = 1} . The binary
variables utt,i and mti are associated, respectively, to the operating and maintenance
modes. At time t, we set utt,i = 0 if the ith unit is off line and, likewise, mti = 1 if the
ith unit is off for maintenance.
The set of edges EGi consists of elements (v, w) ∈ VGi × VGi satisfying

if vu = wu
 vt = wt + 1
up
vt = wt + ti
if vu = wu − 1
(2.4)

if vu = wu + 1 ,
vt = wt + tdown
i
down
) is the minimum time required to start up (resp. to shut down)
where tup
i (resp. ti
unit i.
Finally, having the induced graph Gi = (VGi , EGi ), we denote by Gi those binaries
sequences representing connected paths between a node with t = 1 and another with
t = T.
Altogether, dynamic constraints are given by
Y
Dt,i .
Dt,i := {pt,i = p(pi , ut,i ) ∈ <T : ut,i ∈ Gi } and Dt :=
i∈Jj ,j≤It

Depending on the regulatory rules, spinning reserve may be required to be available
at each plant, or just in the whole system. In the former case, let Rjt denote the
amount of reserve required for the j th plant at time t. Then each unit i in the plant
has ri (pti ) := pi − pti power available for reserve, so we have that




X
ri (pti ) ≥ Rjt , for all j ≤ It ,
(2.5)
St,1 := ptt = p(pt , utt ) :


i∈Jj

a linear expression, coupling all the units in the same plant. By contrast, maximum
and minimum generation constraints
n
St,2 := pt = p(p, u) :
o
utt,i pti ≤ pti ≤ utt,i pi for all i ∈ Jj , j ≤ It and t ≤ T ,
are neither coupling time steps nor units.
Note that, as opposed to hydraulic plants, there is no generation function for thermal
plants: the state variable p gives in a straightforward manner the generation level pt .
In addition, the cost function Ct (ptt ) is the sum over the thermal units of individual
operating costs, generally given by quadratic or piecewise linear functions.
From the optimization point of view, problem (2.1) is large-scale, mixed-integer and
non convex, with many coupling constraints, both along time steps and along different
units/plants. Its solution calls for special techniques of decomposition, that can guarantee high precision. As often in energy problems, accuracy in the numerical results is
of paramount importance. The reason is that some of the obtained results (marginal
prices) are used as indicators of energy prices.
For deterministic generation problems we refer to [LPRS96], [CR99], [BDMS03]. Stochastic formulations have been considered in [TBL96], [NR00], [GNRS00] [BLRS01]; see
also [NSW05], [PS06].
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3. Lagrangian Relaxation Decomposition
The extreme complexity and diversity of the various elements defining a power system
make the problems in the area hard to solve by a direct approach, and decomposition
is therefore a must. Notwithstanding, decomposition should be done in a manner
ensuring that the original problem is solved with relatively high accuracy. This is a
common requirement in generation problems, because some of the optimal Lagrangian
multipliers therein contribute to set electricity prices. Therefore, having, say three,
instead of four significant digits may have a huge economic impact.
The real difficulty of the energy problems presented so far is, more than their scale, the
underlying heterogeneity: a direct application of packages of nonlinear or combinatorial
methods will simply fail, or give inaccurate results.
This is why it is suitable to transform this problem. Consider for example the unitcommitment problem (2.1) and suppose, for simplicity, that there are no spinning reserve constraints St,1 and Sh,1 : the only static constraint is demand satisfaction (2.2):

min Ct (pt ) + Ch (ph )


pt ,ph


 pt ∈ Dt ∩ St,2
ph ∈ Dh ∩ Sh,2
X
X



 (pt , ph ) ∈ S1 ⇐⇒
pth = dt , t ≤ T
ptt +

i∈Ih

i∈It

The key is to observe that, if coupling constraints were not present, each difficulty
(integer variables, nonlinear functions, individual plants) could be treated separately.
More precisely, the coupling between the nonlinear functions with 0-1 variables in Dt
and the large linear problems on continuous variables in S1 should be eliminated.
Lagrangian relaxation is a convenient tool to bring on separability. There are several
choices, depending on the problem structure, as shown below.
3.1. Direct Relaxation of Coupling Constraints. Suppose we relax the constraint
of demand satisfaction with a multiplier x = (x1 , . . . , xt , . . . , xT ) ∈ <T . The corresponding Lagrangian
I
T
X
X
t
x(
pti − dt )
L(p, x) = C(p) +
t=1

i=1

is separable:
L(p, x) = −

T
X

xt dt + Lt (pt , x) + Lh (ph , x)

t=1

for
Lt (pt , x) = Ct (pt ) + hx, pt i and similarly for Lh .
The corresponding dual function inherits separability
θ(x) = −

T
X

xt dt + θt (x) + θh (x)

t=1

for
θν (x) =

min

pν ∈Dν ∩Sν,2

Cν (pν ) + hx, pν i

where ν ∈ {t, h}.
In this setting, a “subproblem” refers to the optimization problem above, which
depends on the given x. The negative of each dual function is convex and nonsmooth
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at those points x with more than one minimizer in the corresponding subproblem. More
precisely, letting conv P denote the convex hull of a set P ,
n
o
∂ (−θν ) (x) = conv −pν (x) : for pν (x) ∈ Dν ∩ Sν,2 such that θν (x) = Lν (pν (x), x) .
Therefore, evaluating each dual function and getting one subgradient involves the same
computational effort, of finding a minimizer of the subproblem. This feature makes the
dual problem suitable for oracle based methods, that is, algorithms designed on the
knowledge, at each iterate, of the function value and of one subgradient (more details
are given in Sec. 4 below).
3.2. Uncoupling via Variable Duplication. To achieve decomposition, we can introduce the artificial variable qt duplicating pt . We obtain the following equivalent
problem:

min Ct (pt ) + Ch (ph )


pt ,ph ,qt


 qt ∈ Dt ∩ St,2
(3.1)
ph ∈ Dh ∩ Sh,2



(p

 t , ph ) ∈ S1
pt = qt ,
where all the coupling is concentrated in the last constraint. In other words, without
this constraint, it would be possible to solve separately two problems, on variables pt ,
ph , and qt , respectively. Once again, relaxing the last constraint induces separability.
This is because, for a multiplier vector x ∈ <T It , the Lagrangian can be written in the
form
L(pt , ph , qt , x) = Lp (pt , ph , x) + Lq (qt , x) .
The variable splitting decomposition was introduced in [GK87] under the name of Lagrangean decomposition; see also [Gui03]. The approach yields purely thermal or purely
hydro subproblems, corresponding to evaluating θi (xi ), along the lines in Section 3.1.
Subproblems are typically network optimization problems, dealing with demand satisfaction and transmission or security constraints, as in [LPRS96], [DSM07].
Decomposition consists in solving, instead of (2.1), the convex dual problem
(3.2)

min (−θ) (x) ,

x∈<T

by some nonsmooth method, which at iteration k updates the dual iterate xk using
the information of past oracle calls. As shown in Figure 2 In this price-decomposition
scheme, the evaluation of the i-th dual function defines the i-th subproblem, while one
iteration to solve (3.2) defines the master program.
With price decomposition, each subproblem involves variables corresponding to the
i-th unit only. In the optimal power management setting, there will be purely thermal,
or purely hydro subproblems. For unit-commitment scheduling, for instance, thermal
subproblems are mixed 0-1 problems, often solved by dynamic programming, [MDS08],
[FG06]. Hydro subproblems are generally large scale programs, sometimes involving
0-1 variables and/or nonlinear relations, [BDLM08], [FdS06].
Incidentally, an optimum x̄ of the dual problem (3.2) is nothing but a marginal cost,
pricing the extra cost of satisfying an additional unit of demand. This shadow price is
used by the ISO to establish price cap regulations in a competitive environment, or to
define electricity prices in a centralized system.
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Figure 2. Price decomposition with exact subproblem solution
4. Solving the Dual Problem
For simplicity, we now let f = −θ denote the objective function in (3.2). In our
separable framework, this is a convex nonsmooth function whose evaluation at any
given point xk involves solving all the relevant subproblems. Once f (xk ) is computed,
the subproblems solution give a subgradient g k ∈ ∂f (xk ) for free:
k

g =d−

I
X

pi (xk )

∈ <T

for Section 3.1

i=1
k

g k = −pt (x ) + qt (xk ) ∈ <T ×It for Section 3.2.
Note in passing that in both cases, the subgradient is the negative of the relaxed
constraint.
When adopting a dual approach as in our setting, to successfully solve the original
problem (2.1) amounts in particular to finding primal points that are feasible and
satisfy the relaxed constraint. For the nonsmooth master program this means ensuring
that, at least asymptotically, g k → 0. However, in nonsmooth optimization this is too
strong of a requirement, as shown by the scalar function f (x) = |x|: only by hitting
exactly its minimum we can hope to get a zero subgradient. Nonsmooth methods can
at
P best kprovide convex combinations, using certain simplicial multipliers αk , such that
k αk g → 0. This is because, from the primal point of view, any nonsmooth method
asymptotically solves the bi-dual of the primal problem, which is a convexified variant
of (2.1), see [FK00], [Lem01], [AW09].
In nonsmooth optimization, the three main classes of oracle based algorithms are
the subgradient, cutting-plane, and stabilized cutting-plane methods, [BGLS06, Part
II]. Regarding implementation, subgradients methods are the simplest one to code,
while the last class, that includes bundle methods, is the more involved one. The
increasing effort of implementation pays off when the problem needs to be solved with
high precision.
Since accuracy of the dual solution is a concern in energy optimization, bundle methods appear as one of the best choices for the master program. Indeed, for a battery
of unit-commitment problems with nine configurations of the Brazilian power system,
the comparison in [BDMS03] shows numerically that subgradient methods struggle to
achieve high accuracy for this type of problems.
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A thorough description of nonsmooth algorithms, including bundle methods, can be
found in [HUL93, vol. II] and [BGLS06, Ch. 10]. We will focus here on more recent
bundle variants, capable of handling inaccurate function and subgradient evaluations,
introduced in [Kiw06].
The reason is that having a nonsmooth method able to deal with inexact information makes it possible to accelerate calculations, for instance by exiting subproblems
before optimality, or even by skipping some subproblem solution. The procedure is
schematically represented by Figure 3.

Figure 3. Price decomposition with inexact subproblem solution
The saving induced by inexact calculations can be significant. For a real-life French
case, for a tolerance corresponding to a deviation in demand satisfaction of 20MW r
(a negligible amount, if compared to the average power load of about 50.000MW), the
(inexact) incremental bundle method [ES10] reaches the same precision as the proximal
approach [LS97], but uses 25% less CPU-time.
4.1. Inexact Bundle Methods. We are interested in solving problem
min{f (x) : x ∈ <n }
where f is a nonsmooth convex function, whose information is provided through an
inexact oracle, like the one in Figure 3. Accordingly, instead of exact function and
subgradient values, only estimates are available: fx /gx ≈ f (x)/g(x). The algorithm is
based on
k an iteration counter,
j
{x }j∈J k a set of points indexed by J k ,
x̂k the algorithmic center at iteration k,
that is, a point yielding a small enough function value, with respect to past iterations.
Since we are in a setting where subproblems are not solved exactly (or not solved at
all), the function estimates fxj are denoted by
(4.1)

f j = f (xj ) − εjf where εjf is an unknown error, and
fˆk = f (x̂k ) − ε̂kf where ε̂kf is an unknown error.

In these relations, the error sign is not specified, so that the true function value can be
either overestimated or underestimated. Yet, errors are assumed to be bounded
(4.2)

|εjf | ≤ ε̄f for all j,
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noting that, since the algorithmic center is a past iterate, the bound above also holds
for ε̂kf , for all k. As for the subgradient estimates, g j = gxj , for the moment we do
not set any condition on their calculation, preferring to leave this point to Remark 4.1
below.
The bundle information
Bk = {x̂k , fˆk , ĝ k } ∪ {(xj , f j , g j ) : j ∈ J k } ,
is used to define a convex model for the function, denoted by Mk . One possibility is to
use the cutting-plane model, defined as the piecewise maximum of linearizations of f ,
that is, Mk (y) = max{f j + hg j , y − xj i : j ∈ Bk }, and plotted in blue in Figure 4.

Figure 4. Exact cutting-plane model in red, inexact model in blue, for
the function graphed in black
The choice of the model function is important for the defining the next iterate, since
1
xk+1 := arg min{M(y) + µk |y − x̂k |2 }
y
2
for a given prox-parameter µk > 0. Since this problem needs to be solved at every
iteration, it must be reasonably easy. When using a cutting-plane model, finding a new
iterate amounts to solving a quadratic programming problem.
By the optimality conditions of the problem above,
(4.3)

xk+1 = x̂k − µk Gk

where Gk ∈ ∂Mk (xk+1 ) .

Once the new iterate is known, we define the inexact aggregate linearization
(4.4)

Mk (y) := Mk (xk+1 ) + Gk , y − xk+1 .

Clearly, because Gk ∈ ∂Mk (xk+1 ),
(4.5)

Mk (y) ≤ Mk (y) for all y ∈ <n .

Finally, we consider the error and the optimality measures defined by

(4.6)
Ek = fˆk − Mk (x̂k ) and Vk = max Ek + Gk , x̂k , |Gk | .
4.2. Handling Inexact Oracle Information. Since the function/subgradient information is inaccurate, the bundle method should check if the oracle noise becomes cumbersome and needs to be attenuated (think for instance of an extreme case, when the
model is so polluted that it lies above the graph of the function: there is no chance to
get a reasonable solution to the optimization problem).
A possibility to detect when noise introduced by the inexact evaluations became “too
large” is the function value at the algorithmic center is below the minimum model value
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(by convexity, this would never happen with exact oracle values). More precisely, when
the noise measurement quantity defined below is negative:


1
k
k k+1
k+1
k 2
ˆ
f − M (x ) + µk |x
− x̂ | < 0 .
2
When the relation above holds, the algorithm maintains the model and the center,
and reduces the prox-parameter. The new iterate yields a smaller noise measurement
quantity, thus attenuating the noise induced by the inexact bundle information. For
numerical convenience, we consider here an alternative mechanism that checks asymptotic satisfaction of the inequality above, based on a relative criterion. More precisely,
noise is too large if

fˆk − Mk (xk+1 ) + 21 µk |xk+1 − x̂k |2
NoNegk :=
(4.7)
< −βk
1
µ |xk+1 − x̂k |2
2 k
for a parameter βk ∈ [0, 1].
Only when noise is declared acceptable, that is when NoNegk ≥ −βk , the algorithm
examines if the new iterate is good enough to become the next center by checking if
f k+1 ≤ fˆk − mδ k

(4.8)

for a certain nonnegative predicted decrease. When this relation holds, the iteration is
declared serious, because it provided a new algorithmic center: x̂k+1 = xk+1 . Otherwise,
the iteration is declared null.
Usual definitions for the decrease are δ k = fˆk − Mk (xk+1 ), or δ k = fˆk − Mk (xk+1 ) −
1
µ |xk+1 − x̂k |2 . We consider a slightly more general variant, and let
2 k
(4.9)

1
δ k := fˆk − Mk (xk+1 ) − αk µk |xk+1 − x̂k |2
2

for a parameter αk ∈ [0, 1] .

With this definition, since the numerator in (4.7) equals δ k − 12 (1 − αk )µk |xk+1 − x̂k |2 ,
we see that a noise attenuation step amounts to checking satisfaction of the inequality

1
(4.10)
δk <
1 − (αk + βk ) µk |xk+1 − x̂k |2 .
2
As explained below, this relation makes it possible to control the relation between noise
attenuation and descent, a flexibility that can help the numerical performance of the
algorithm. Generally, to progress towards a solution, it is preferable for the algorithm
to:
– make more serious iterations, because serious iterates converge to a solution, and
– have few noise attenuation steps. Noise attenuation steps are undesirable to occur
often, because they prevent the algorithm from having “true” iterates, for which to
check the descent condition.
By (4.8), more serious iterations are achieved by taking larger αk ’s, while a larger βk
reduces the left hand side term in (4.10), making less likely noise attenuation. Since
the choice of parameters αk , βk should ensure that the nominal decrease in (4.8) is
nonnegative, in view of (4.10), the relation (1 − αk − βk ) > 0 should hold. Accordingly,
we require that
(4.11)
for some positive constant ABmin .

ABmin ≤ αk + βk ≤ 1
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4.3. An Inexact Bundle Optimization Solver. An oracle computing approximate
f values as in (4.1) as well as subgradient estimates is assumed to be given.
Step 0 (Input and Initialization) Select a initial starting point x̂0 a stopping tolerance tol≥ 0, an Armijo-like parameter m ∈ (0, 1). Initialize the iteration counter
k = 0, the bundle index set J 0 := {0}, and the first candidate point x0 := x̂0 .
Compute f 0 as well as g 0 . Choose the starting prox-parameter µ0 > 0, parameters
α0 , β0 ∈ [0, 1] satisfying (4.11).
Step 1 (Model Generation and QP Subproblem) Having the current algorithmic
center x̂k , the bundle Bk , and the prox-parameter µk , define the convex model function
Mk and compute xk+1 = arg min{Mk (y) + 12 µk |y − x̂k |2 : y ∈ <n }.
Define the predicted decrease δ k+1 as in (4.9), as well as the aggregate error and
optimality certificate in (4.6).
Step 2 (Noise attenuation test)
If condition (4.10) is true, noise is too large: decrease the prox-parameter as in (4.12b)
below; maintain the center and the bundle:

 

k+1
k+1
k
k
x̂ , B
= x̂ , B ;
choose parameters αk+1 , βk+1 satisfying (4.11), and loop to Step 1.
Otherwise, if (4.10) does not hold, proceed to Step 3.
Step 3 (Stopping Test and New Oracle Information) Call the oracle to obtain
f k+1 , g k+1 . If V k+1 ≤tol then stop.
Step 4 (Serious step test) Check the descent condition (4.8). If this condition is
true, declare a serious iteration and set x̂k+1 = xk+1 . Otherwise, declare a null step,
maintained the center: x̂k+1 = x̂k .
Step 5 (Bundle Management and updates) Choose a new prox-center µk+1 satisfying (4.12a) or (4.12c) below, if the iteration was declared serious or null, respectively.
In all cases choose parameters αk+1 , βk+1 satisfying (4.11). Define the new bundle Bk+1 , for example by appending to the index set the last iterate information:
J k+1 = J k ∪ {k + 1}. Increase k by 1 and loop to Step 1.

Both in Step 2 and Step 5 there is some freedom in the choice of the new bundle
k+1
B . When noise is excessive, as in Step 2, the conservative choice of keeping the
same cutting-planes models for f seems reasonable. As for Step 5, alternative choices
for managing the bundle are possible as long as conditions (A.11) and (A.12) in the
Appendix are satisfied. We refer to [BGLS06, Ch. 10] for more details.
The prox-parameter update depends on positive constants µmax and ∆, as follows:
(4.12a)

µk+1 ≤ µmax < +∞

if iteration k was declared serious

(4.12b)

µk+1 ≤ µk − ∆ < µk

if iteration k resulted in noise attenuation

(4.12c)

µk+1 ∈ [µk , µmax ]

if iteration k was declared null, but µk+1 increases
only if no noise was attenuated after generating x̂k .

Finally, for all the bundle choices, the key is to ensure satisfaction
(4.13)

Mk (y) ≤ f (y) + ε̄g for all y ∈ <n .

for some constant ε̄g ≥ 0. Indeed, under this assumption, we show below that V k is an
optimality certificate.
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Remark 4.1. In our decomposition setting, the inexact oracle can be defined by stopping
the subproblems solution before optimality is reached. For illustration purposes, consider
Section 3.1 and suppose xj ∈ <T is given. The nonsmooth objective function is f (x) =
PT
t t
t=1 x d − θt (x) − θh (x), for
θν (x) =

min

pν ∈Dν ∩Sν,2

Cν (pν ) + hx, pν i

where ν ∈ {t, h}. The exact oracle values are given by minimizers pν (xj ) such that
θν (xj ) = Cν (pν (xj )) + hxj , pν (xj )i and, hence,
j

f (x ) =

T
X

xjt dt − Ct (pt (xj )) − xj , pt (xj ) − Ch (ph (xj )) − xj , ph (xj )

t=1

and
g(xj ) = d −

X

pt (xj ) −

i∈It

Any

pjν

X

ph (xj ) .

i∈Ih

∈ Dν ∩ Sν,2 can be used to build an inexact oracle, by letting
j

f =

T
X

xjt dt − Ct (pjt ) − xj , pjt − Ch (pjh ) − xj , pjh

t=1

and
gj = d −

X

pjt −

i∈It

X

pjh .

i∈Ih

By definition of the dual functions, the corresponding linearizations satisfy the inequality
f j + hg j , y − xj i ≤ f (y) for any y ∈ <n . As a result, (4.13) holds for the cutting-plane
model with ε̄g = 0.
Lemma 4.2. If the algorithm builds models satisfying (4.13) the following holds:
fˆk ≤ Mk (y) + V k (1 + |y|)

for all y ∈ <n .

As a result, if (4.13) holds, then
(4.14)

f (x̂k ) ≤ f (y) + ε̄ + V k (1 + |y|)

for all y ∈ <n .

Proof. Since the function Mk from (4.4) is affine and Gk is its gradient, using the error
definition in (4.6) and the Cauchy-Schwarz inequality we see that
Mk (y) = Mk (x̂k ) + Gk , y − x̂k
= fˆk − Ek + Gk , y − x̂k


k
k
k
k
k
ˆ
≥ f − E + G , x̂ + |G ||y| .
The desired inequality follows from the definition of V k in (4.6). Furthermore, using
(4.1), (4.2), and (4.5),
f (x̂k ) = fˆk + ε̂kf ≤ fˆk + ε̄f
≤ Mk (y) + V k (1 + |y|) + ε̄f
≤ Mk (y) + V k (1 + |y|) + ε̄f ,
and (4.14) follows from (4.13).

The asymptotic analysis for inexact bundle methods is rather involved and technical,
the full proofs can be found in the appendix. Basically, convergence of the algorithm
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means that, at least for a subsequence, V k → 0. As a result, (4.14) gives that a cluster
point of the serious subsequence is an ε̄ solution to (3.2).
We now review how to estimate actual solutions of (2.1) by means the output of the
bundle algorithm.
5. Back to the Primal Problem
When adopting a dual approach as in our setting, to successfully solve the original
problem (2.1) amounts in particular to finding primal points that are feasible and
satisfy the relaxed constraint. For the nonsmooth master program this means ensuring
that, at least asymptotically, g k → 0. However, in nonsmooth optimization this is too
strong of a requirement, as shown by the scalar function f (x) = |x|: only by hitting
exactly its minimum we can hope to get a zero subgradient. Nonsmooth methods can
at best provide convex combinations, using certain simplicial multipliers αjk , such that
P k j
k αj g → 0. This is because, from the primal point of view, any nonsmooth method
asymptotically solves the bi-dual of the primal problem, which is a convexified variant
of (2.1), see [FK00], [Lem01], [AW09].
When the primal problem is convex to the extent that its KKT conditions are sufficient for optimality, solving the dual problem (3.2) is equivalent to solving the primal
(2.1). Otherwise, the corresponding optimal values do not coincide and there is a
positive duality gap. Having a small duality gap is a fundamental concern in power
management problems (and one of the main reasons why Lagrangian Relaxation is so
successful in the area). The geometrical study in [LR01] shows how different relaxation schemes impact on the size of duality gaps, with application to unit-commitment
problems.
In general, the dual solution gives a primal point solving the bi-dual of (2.1). Following [DGL05], we refer to such primal point as a pseudo primal solution.
Pseudo solutions can be built by any nonsmooth algorithm, by making convex combinations of primal points; in [FK00] and [Lem01] there is a study for bundle methods,
while [AW09] considers subgradient methods. Different approaches yield different convex multipliers, denoted by α in what follows. In bundle methods, the components of
α correspond to the Lagrange multipliers in the following problem
n
o
1
(5.1)
min r + µ|x − x̂|2 : r ≥ f j + g j , x − xj for all j ∈ Bk .
r∈<,x
2
Since this is just a rewriting of the bundle QP problem in Step 2 of the algorithm, the
value of α ∈ <|B| is available at each iteration. The corresponding convex combination
of the bundle subgradients (which is shown to asymptotically vanish for the serious
\ superscript:
subsequence) gives the pseudo primal point, that we denote with a “hat”
(5.2)
I
X
X X
X
k j
k
αj g = d −
αj
pi (xj )
so pbj =
αjk p(xj )
for Section 3.1
j∈Bk

j∈Bk

i=1

k

 j∈B X

pbj =
αjk p(xj )


X
X
X
k
j∈B
X
αjk g j = −
αjk p(xj ) +
αjk q(xj ) so
j

αjk q(xj )

 qb =
j∈Bk
j∈Bk
j∈Bk

for Section 3.2.

j∈Bk

Under reasonable assumptions, see e.g. [FK00] or [Lem01], the final pseudo primal
point, built with the convex multipliers corresponding to a solution of (3.2), solves the
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bi-dual of problem (2.1). When (2.1) is not sufficiently convex, (2.1) and its bi-dual
differ, so the final pseudo primal point will often fail to be feasible. For the dualization
in Section 3.1, if the dynamic set involves 0-1 variables, the components of the pseudo
point may just belong to the interval [0, 1]. Likewise for Section 3.2, the pseudo point
pb is built with points satisfying the dynamic constraints only and, hence, it may not
satisfy the static constraints. Reciprocally for qb, for which it may happen that qbi 6∈ Di
for some units i.
Therefore, after solving (3.2) it is necessary to proceed to a second phase to recover
primal feasibility. In some cases, for instance for unit-commitment scheduling, the
sequence of pseudo primal points can be used as a guide to quickly produce primal
feasible points, as in [FG06]. Heuristic techniques are popular for dealing with the
combinatorial nature of such problems. These are essentially convexification procedures
that try to generate primal solutions even for discrete or non convex feasible sets. In such
a setting, not much can be shown theoretically regarding the ability of the approaches
in actually producing merely feasible primal points. Even less can be said in terms of
primal optimality. We refer to [Sag12] for more details.
6. Multistage Decision Problems
Some power problems are naturally sequential, in the sense that decisions are taken
in a consecutive manner, over different times. When expanding the system capacity, for
instance, it is natural to decide on the generation of each plant only after having decided
which plants (new ones and/or old ones with added capacity) define the expanded
system. For such two-stage processes, decomposition can be done in two levels. The
water pricing mechanism mentioned in the final paragraph in Section 1 (and used to
define the operating hydro cost in Section 2) is an example of a multistage decision
process that covers several years.
The generation of hydro-power is a prototypical example of decisions taken along
different time steps, as uncertainty realizes. The following simple model illustrates well
key issues to be explored by the decomposition alternatives in this section.
6.1. A Simplified Model for Hydro-Power Management under Uncertainty.
For mid and long-term problems, a hydro-power dynamic set Di may refer to a power
plant i, to a hydro-valley with several cascaded hydro-plants, or to an equivalent reservoir aggregating all the hydro-plants in a geographical region. The corresponding generation pi has a dynamic evolution depending on two variables: a state variable vit and
a control variable uti . The state variable refers to the reservoir volume at the end of
the time step; the control variable is the turbined outflow generating the power (there
is no spillage).
At each time step, the reservoir volume decreases as a consequence of the turbined
outflow (there is no evaporation) and increases by contributions of rain and upstream
rivers. Since the natural water streamflow arriving at time t to the reservoir is uncertain
and may depend on the past, we let ξ [t] denote the process history until time t. Hydrogeneration is expressed as a function relating water to energy, depending not only on the
state and control variables but also on uncertainty: pt = p(v t , ut , ξ [t] ) for some function
p(·).
The process ξ can be multivariate (with as many components as hydro-reservoirs
compose the power mix), has sample space Ω, probability distribution P, and generates
the sigma-algebra F t = σ(ξ τ , τ ≤ t). Since the realization ξ˜t becomes known at the

36

CLAUDIA SAGASTIZÁBAL

beginning of time step t, for some q ≥ 2, the state and control variables (i.e., v t and ut )
as well as the hydro-generation (pt ) are functions in Lq (Ω, F t , P).
For hydro-plants, the relation pi ∈ Di in fact constrains the state and control variables; for example, the transition equation for the reservoir volume, or water balance
constraint:
v t = v t−1 − ut + ξ t ,
which, by its physical nature, needs to be satisfied almost surely (a.s.). This relation
the stochastic counterpart of the deterministic streamflow equations (2.3).
Another important constraint refers to minzones, or low critical values for the storage
levels that the ISO is often concerned with:
v t ≥ v t,crit .
The fact that a reservoir level drops below its minzone alerts the ISO to trigger preventive measures, set to avoid a lack of energy in the future. Accordingly, this constraint
can be satisfied with high probability, not necessarily equal to one.
In what follows, given a past history of realizations ξ˜[t] , we will consider the abstract
dynamic constraints
(6.1)
At pt + B t pt−1 ≥ bt (ξ˜[t] ) for t = 1, . . . , T ,
with right-hand side uncertainty only for some vector functions bt (·). The matrices
At , B t are deterministic and have suitable dimensions. We adopt this setting, said
with fixed recourse, for simplicity and because it covers the hydro-power management
problem considered here: when the generation function p(·) is affine, the water balance
and minzone constraints can be written in the form above. In (6.1) the first time stage
involves no uncertainty, because the right-hand side vector b1 (ξ 1 ) = b1 is deterministic:
all realizations ξ˜ of uncertainty have the same first component. Also, p0 is known and
depends on the initial volumes of the reservoirs: p0 = p(v 0 ).
The constraints above seem different in nature from the ones considered so far, separating dynamic and static constraints. Nevertheless, the abstract feasible set in (2.1)
is covered by our stage-wise writing. The relation with the dynamic set D in (2.1) is
straightforward. As for the static set S therein, it is not difficult to write static relations
(such as demand satisfaction) in the form (6.1), by properly setting to zero some rows
in the matrices B t , thus eliminating the dependence on pt−1 for some constraints.
Costs could be convex functions; we focus here in linear programs, without loss of
generality. Moreover, in this stage-wise setting, it is also convenient to write such costs
(associated to thermal generation and deficit) as a sum over time steps. Therefore,
˜ a particular instance of (2.1) has the form:
knowing an uncertainty realization ξ,

T
X



C t , pt
 min
p


s.t.




t=1

for t = 1, . . . , T :
At pt + B t pt−1 ≥ bt (ξ˜[t] ) .

˜ giving a
This type of problem, however, needs to be “solved” for any realization ξ,
meaning in particular to constraint satisfaction: either by considering only the worstcase scenario; or by requiring satisfaction with probability one or with high probability;
or by satisfying some stochastic dominance order. In general, since decision vectors are
in fact functions, unless the stochastic process has a finite number of realizations, we
will likely be dealing with an infinite dimensional problem.
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In order to stay in a finite-dimensional setting (and thus take advantage of nonlinear
programming techniques), one possibility is to use the Sample Average Approximation
(SAA). Other approaches, formulating the problem in a robust, chance-constrained, or
risk-averse manner are possible too.
The SAA approach discretizes the random variable ξ into a sample with N equiprobable scenarios {ξ(1), . . . , ξ(N )}, each one with length T ; see [KSHdM02]. The resulting
optimization problem has N copies of the constraints above and, in a risk-neutral setting, uses as objective function the average cost over the sample.
6.2. Decomposing Two-stage Problems. We start with decomposition methods
applicable when decisions are taken in two steps. Such is often the case for energy
problems dealing with capacity expansion [BS88], generation planning [TBL96], [NR02],
[CS97], environmental control [MS07], and finance [BS11], [FMR11].
Suppose that we set T = 2, and recall the first-stage vector b1 is deterministic. With
a slight abuse of notation, and because uncertainty arises only in the second stage, for
˜ a
the SAA we just consider the second components of the N scenarios: instead of ξ,
realization is denoted below by ξ(i), for i = 1, . . . .N .
For a given initial state p0 , the decision process solves the first-stage problem
(
min
hC 1 , p1 i + E[Q(p1 ; ξ)]
1
p
(6.2)
s.t. p1 ∈ P 1 = {q 1 : A1 q 1 + B 1 p0 ≥ b1 } .
The second term in the objective is the expected recourse function, defined over the
optimal values of the second-stage problem
(
hC 2 , p2 i
min
p2
(6.3)
Q(p1 ; ξ) =
s.t. p2 ∈ P 2 (p1 , ξ) = {q 2 : A2 q 2 + B 2 p1 ≥ b2 (ξ)} a.s. ,
where the inequality is to be satisfied almost surely, for each considered realization of
the uncertainty ξ.
For any fixed p1 , the SAA uses ξ ∈ {ξ(i) , i = 1 . . . , N }, the N samples of the
random data, to define the feasible sets P 2 (p1 , ξ(i)) and approximate the expectation
by averaging the expected values Q(p1 ; ξ(i)).
Given p1 and ξ(i), the value Q(p1 ; ξ(i)) is finite and can be computed either by solving
(6.3) or its dual
(
max hλ, b2 (ξ(i)) − B 2 p1 i
λ≥0
(6.4)
s.t. A2 > λ = C 2 ,
if both the primal and dual feasible sets are nonempty. As explained in [SDR09, Ch.
2], in this case the function Q(·; ξ(i)) is convex, polyhedral, and subdifferentiable at p1 ,
with
∂Q(p1 ; ξ(i)) = −B 2 > λ(p1 ; ξ(i)) where λ(p1 ; ξ(i)) solves (6.4).
As with the Lagrangian Decomposition, the evaluation of the nonsmooth function
and the computation of one subgradient entail the same computational effort, involving
the solution of some optimization problem. In this Benders-like decomposition, the
optimization problem (6.2) can be solved by any nonsmooth minimization algorithm.
The expected recourse function is then approximated by some model M, incorporating
linearizations defined with function and subgradient information computed along iterations. For instance, the well-known L-shaped method [VW69] applies an algorithm of
cutting planes; which is slow to converge, at least if an accurate solution is required. If
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a bundle method was to be used instead, the fact that now (6.2) is constrained should
be taken into account (the convex dual problems in Section 3 are unconstrained). Since
the feasible set P 1 in (6.2) is a polyhedron, the corresponding affine constraints can be
added to the bundle QP (5.1) without much difficulty.
It is shown in [SDR09, Ch. 5.8.2] that, under mild conditions, the accuracy in solving
an SAA of (6.3) is of order O(1/N 2 ). Therefore, to ensure an accurate solution, it is
important to take N sufficiently large, using as many scenarios as possible. But a large
number of scenarios involves the solution of many linear programs computing Q(p1 ; ξ(i))
for i = 1, . . . , N . Such calculations can considerably slow down the optimization process
of (6.2), because numerous linear programs need to be solved, and this, for each firststage value p1 computed along iterations.
Alternatively, for some scenarios one can either solve (6.3) or (6.4) only approximately, or just skip the solution of the linear program, replacing the missing information
by some reasonable value. From the bundle optimization point of view, this amounts
to having inexact linearizations for the recourse function, “polluted” with noise, that
needs to be handled by a noise attenuation step.
The inexact bundle method in [OSS11] uses several different inexact approximations
of (6.3) for two-stage stochastic linear programs. For the battery of examples considered
therein, the best variant is the one that solves exactly (6.3) for a reduced subset of
scenarios
n
o
ξ(ji ) : i = 1, . . . , n
with n << N .
Having the corresponding dual solutions λ(p1 ; ξ(ji )), the optimal values of each unsolved
problem (6.3) is approximated by the expression
λ(p1 ; ξ(ji )), b2 (ξ) − B 2 p1 .
In view of the equivalence (6.3)-(6.4), the scenario ji chosen for the approximation
above is the one for which the vectors b2 (ξ) − B 2 p1 and b2 (ξ(ji )) − B 2 p1 are the closest.
Because in (6.4) the feasible set is not uncertain but deterministic, the value above
is a lower estimate for Q(p1 ; ξ(ji )) and the vector −B 2 > λ(p1 ; ξ(ji )) is a sound proxy
subgradient.
The benchmark in [OSS11] shows that taking n = 0.2N is sufficient for the inexact
bundle method to obtain solutions with the same accuracy as the L-shaped method,
but four times faster.
For related works we refer to [ZPR00], [HS94], [Yak94], [FS07]; see also [OS12].
6.3. Decomposing Multistage Problems.
When T > 2, the accuracy estimate
QT
2
O(1/N ) still holds. Only that now N = i=2 N t , where N t is the size of discretization
chosen for ξ t , the t-th component of uncertainty. In order to prevent N from growing
exponentially, it is important to maintain controlled the number of scenarios, for example by employing some scenario selection technique [HR11]; see also [OSP+ 10] for
an application in two-stage generation planning. For some problems, it may also be
possible to use multi-scaling, regrouping several time steps into a single decision stage,
as in [SYG06].
The multistage variant of the bi-level problem (6.2)-(6.3) has a multilevel formulation,
nested over the time steps t = 1, 2, . . . , T . At each decision level t, uncertain data
depends on the history of the stochastic process so far, denoted by ξ [t] (rainfall in a
given month t depends on the pluvial regime of some past months, for instance). This
feature is represented by a right hand side function bt (·) from (6.1) that is affine on
uncertainty, a particular setting general enough to cover seasonal time series modeled
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as periodic autoregressive processes (like rains), as well as other forecasting models.
Interstage dependent processes make it necessary to keep track of the relevant history
of uncertainty along the solution procedure: the state is extended from pt to (pt , ξ [t] ).
This feature, culprit of the well-known dimensionality curse in dynamic programming,
notably complicates the numerical solution of the multistage stochastic program under
consideration.
The goal is to find a policy or operation strategy that keeps the power system controlled in a sufficiently optimal way, both in terms of cost and minzone constraints,
along the planning period. Similarly to (6.2)-(6.3), but for T decision levels,
 a nested
t+1
t [t]
t+1
decomposition defines the (t + 1)-th recourse function Q
(p , ξ ); ξ
, to be approximated by cutting planes (regarding the water pricing mechanism mentioned in
Section 1, the value of water is nothing but the final cutting-plane approximation for
the first recourse function). The t-th optimization problem is akin to (6.2), replacing
subindices “1” by t and “2” by t + 1. Also, the expected recourse function is now
conditioned to the known history ξ [t] .
Once more, a process discretization gives a sample of equiprobable scenarios, and
the SAA problem requires satisfaction of constraints over the sample. Only that now
the number of scenarios is huge, making a full parsing of the scenario tree computationally impossible. The algorithm of stochastic dual dynamic programming (SDDP),
introduced in [PP91], addresses this issue by sampling paths over the scenario tree.
Even though the sampling smartly overcomes the dimensionality curse to some extent,
for long time horizons SDDP computational effort still remains significant (even after
parallelization of the so-called forward pass).
We refer to [Sag12] and references therein for details.
6.4. Risk Averse SDDP Variants. The formulation above defines a problem like
(6.2) at the t-th stage. These problems involve the expected value of the recourse
function, conditioned to the history of realizations. With such a risk neutral approach,
the ISO cannot hedge against extreme droughts, likely to make the reservoirs drop below
the important minzone constraints. This concern has been addressed only recently, in
two distinct ways, that could be thought of as having a monetary and physical focus,
respectively.
6.4.1. Monetary Approaches. The first class, considered in [Sha11] and [PdM10], basically replaces the expectation by a risk functional, defined by a convex combination of
the expectation and the Conditional Value at Risk (CVaR) of the recourse function By
[RU02], for a confidence level ε and a random variable Q representing a cost, its CVaR
of level ε ∈ (0, 1) is given by


1
CV aRε [Q] = min z + E [max(Q − z, 0)] .
z∈<
ε
Since the operation max(·, 0) is not linear, a new state variable needs to be added,
to keep track of the Value at Risk, given by the minimizer z above. Then a sampling
method along the lines of SDDP is applied to a problem like where the expected recourse
function is replaced in the objective by the risk functional
h

 i
h

 i
(1 − κ)E Qt+1 (pt , ξ [t] , z t ); ξ t+1 |ξ˜[t] + κCV aRε Qt+1 (pt , ξ [t] , z t ); ξ t+1 |ξ˜[t] ,
for κ ∈ [0, 1]: the closer to 1 the convex parameter is, the higher will be the risk aversion.
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As discussed in [Sha11, Sec. 5], the risk averse formulation lacks an implementable
stopping criterion. Both [PdM10] and [ST11] stop the procedure after having done the
same number of iterations than those required for the risk neutral SDDP to trigger its
stopping test.
6.4.2. Physical Approaches. The risk functional tries to find a compromise between
minimizing the average cost and keeping controlled large increases in the recourse function, measured by its CVaR. The tuning on how such compromise is found is done by
the parameter κ, which can vary along time steps, for instance increasing risk aversion
as stages are further away in the future.
For the water pricing problem, the goal is to ensure satisfaction of the minzone
constraints, preferably controlling that violations are not too large, if they occur. In
this setting, the risk functional can be seen as a tool converting into a cost the future
impact of such violations, thus justifying our naming “monetary” for the approach. The
weight of that monetary impact depends on the parameter κ, which has no intuitive
physical meaning with respect to the minzone constraints. As observed in [PdM10], the
choice of such parameter is delicate, because it may force to operate the system in a
manner resulting into a deficit of energy, not to violate the minzones. This is certainly
not the best ISO behavior: minzones are meant to trigger some alert, before blacking
out the power system.
The works [GS12a], [GS12b] consider an alternative approach, that handles uncertainty along a rolling horizon by means of individual chance constraints. Probabilistic
constraints give a physical interpretation to risk, which in the water resource application
is hydraulic, and not of financial nature. For the hydro-power management application
considered in [GS12a] and [GS12b], mimicking the Brazilian power system, the rolling
horizon policy compares favorably with the policy obtained by SDDP, involving computational times that are seven times inferior. Like SDDP, the policy built by this
approach is implementable, non anticipative, and time consistent, only that computed
with much less computational effort. Nevertheless, rather than a closed-loop feedback
like SDDP, the rolling horizon approach can be seen as an adaptive open-loop controller,
without feedback.
At this point, a word of caution is in order. The choice of a particular technique for
handling uncertainty is clearly problem-dependent. To certain extent, such choice is also
“school” dependent. The SAA-school advocates for the use of scenario trees; but there
is another important group of researchers who prefer to formulate the problem in a continuous setting and approximate the probability distribution in some manner. There is
always a trade-off to be found, for neither approach is free from weaknesses and/or criticism (a similar phenomenon appears in PDE-optimization and the approaches “First
discretize, then optimize” versus “First optimize, then discretize”, [HT10]). Factors
such as availability of sound statistical tools for approximating the distribution when
compared to sampling; or the eventual use of the numerical solution found (strategic,
like electricity prices, or just indicative, like future mean deficits) certainly play an
important role in the decision.
7. Variational Inequalities Decomposition
Due to the presence of relatively few companies generating power in a given region,
electricity markets are naturally set in an oligopolistic competition framework. Variational inequality models are useful to model strategic interactions in multi-settlement
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power markets. Specifically, generating companies usually manage their power by optimizing a portfolio of alternative selling opportunities, given in the form of long-term
contracts and immediate sales. Long-term contracts are negotiated in the forward
market, for the company to deliver at given times, and for the contracted price, fixed
amounts of energy during a period of five years or more. Immediate sales are settled
in the spot market. The interest of this real-time market is that usually spot prices
are higher than contracted ones. Nevertheless, since neither the price nor the quantity
to be sold in the spot market is certain, contracts give to companies a sure and fixed
income, thus hedging the risk of the spot market sales.
In centralized environments, there is no spot market and the ISO defines the price
based on the marginal cost or shadow price. The situation is quite different in a deregulated market where, to coordinate the pricing, the ISO needs to analyze the competition
mechanism of agents. We will focus here on game-theoretic formulations, although other
approaches such as bi-level programming and mathematical programs with equilibrium
constraints are also possible. References on the topic are numerous, we refer to the
bibliography in [Sag12] for a thorough list.
7.1. Generalized Nash Games for Electricity Markets. Like the generation problems in Sections 3 and 6, game models can vary with the considered horizon (short/long
term), the modeling of uncertainty and risk hedging, or the level of detail of technological features of power plants. Most importantly, models differ on the role of the
ISO in the game: the ISO can be seen as a leader followed by the agents, or simply
as another player, in equal terms with respect to the generating companies. We adopt
this last model, said with bounded rationality, in which players ignore strategies of the
adversaries and all decisions are taken simultaneously.
For convenience, the ISO is considered player number 0 while agents owning one or
more generating companies are players with numbers i = 1, . . . , N . Accordingly, the
i-th player owns ni power plants, with generation denoted by pi ∈ <ni for i = 1, . . . , N .
As in (2.1), each power plant generation is constrained by its own technology. Such
constraints are abstractly denoted here by pi ∈ Pi for a suitable set Pi . Since generating
companies aim at maximizing revenue, the i-th player problem is
(
max ri (π, pi )
pi
where ri (π, pi ) = π1>i pi − Ci (pi )
s.t. pi ∈ Pi ,
defines the agent’s profit. Specifically, 1i is an ni -dimensional vector with all components
equal to 1, pi the generation offered to the market, Ci a convex cost function, and π ∈ <
is the unit price. Such price, that the ISO will pay to generators for electricity, is an
unknown scalar. In our model,
price is a smooth concave function of the total
PN the
>
generation offered for sale,
1
p
i=1 i i . For example, it can be a concave quadratic,
defined by exogenous parameters that are market-dependent.
The purpose of the game is to find an equilibrium allowing generators to maximize
profit and, at the same time, supplying the energy demand in a manner that is satisfactory for consumers and the society.
The ISO behavior is also driven by maximization of a suitable profit function, representing social welfare. Unsupplied demand entails the payment of a (high) penalty fee
pen, fixed by the regulatory body. Also, the corresponding deficit of energy, denoted by
p0 in what follows, cannot be larger than a constant def. We once more let p−i denote
the vector obtained after eliminating the sub-vector pi from p = (p0 , p1 , . . . , pN ). With
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this notation, the total generation is obtained by summing the vector p−0 over all its
components.
Suppose for simplicity demand of energy is exogenous and denoted by d ∈ <. Then
the ISO seeks a solution to the problem

max r0 (p0 , p−0 )


p0


N
 s.t. p ∈ P = [0, def]
X
0
0
where r0 (p0 , p−0 ) = π
1>i pi − Ci (pi ) − penp0 .
N
X


i=1

1>i pi + p0 = d ,


i=1

Instead of generating costs, social welfare could include wheeling revenues, or charges
paid to the network operator for transmission of the generated power. The justification
here is that discouraging transmission expenses amounts to compete for using a, possibly
congested, network of electric power lines. In this case, Kirchoff’s laws for the network
enter the ISO optimization problem.
To cast the ISO problem as one more player in the game, we let 10 = 1 ∈ <, n0 = 1:
(
max ri (pi , p−i )
pi
for i = 0, . . . , N
s.t. pi ∈ Qi (p−i ) ,
)
(
N
X
(7.1)
1>j pj = d .
where
Qi (p−i ) = Pi ∩ qi ∈ <ni : 1>i qi +
i6=j=0

Due to the coupling of the N + 1 feasible sets, the equilibrium conditions for (7.1)
are given by a quasi-variational inequality, usually very difficult to solve. Finding
a generalized Nash equilibrium of the game above is equivalent to solving a quasivariational inequality problem, [FK10]. Under favorable circumstances, it is possible to
find some, but not all, of the Nash points by solving a variational inequality instead (an
easier problem). Those particular Nash points, called variational equilibria, have useful
economical interpretation; see [FFP07]. For our game, the specific form of the feasible
sets Qi (p−i ), with a shared constraint, makes it possible to find variational equilibria,
as explained
Pbelow.
Let n = N
i=0 ni and let ∇i ri (p) denote the ni -dimensional vector obtained by differentiating the function ri with respect to the components in the sub-vector pi . Then,
the feasible set
(
)
N
N
Y
X
(7.2)
P=
Pi ∩ Q with Q = q = (q0 , q1 , . . . , qN ) ∈ <n :
1>i qi = d
i=0

i=0
n

n

and the operator F : < → <
(7.3)



F (p) = ∇0 r0 (p), ∇1 r1 (p), . . . , ∇N rN (p) ,

not necessarily monotone, define the variational inequality
(7.4)

finding p̄ ∈ P such that hF (p̄), p − p̄i ≥ 0 for all p ∈ P .

A solution to this variational inequality gives a variational equilibrium for game (7.1).
7.2. Finding Variational Equilibria. When the ISO coordinates the pricing of a
region with many power plants and agents selling energy, the game (7.1) becomes large
and complex. The number of variables and constraints further increases in the presence
of uncertainty, even more so if risk is a concern. In this situation, the variational
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inequality (7.2)-(7.4) is potentially difficult to solve. However, the feasible set has a
specific structure, that is amenable to decomposition: without the shared constraint of
demand, the feasible set P from (7.2) would decompose along players. The operator
(7.3) is not separable as a sum, but it is possible to induce separability by a Jacobilike approximation. We now describe a decomposition approach from [LSS11], that is
applicable not only to non-monotone single-valued continuous operators like (7.3), but
also to set-valued operators, as long as they are maximal monotone. Also, the feasible
set P can be the intersection of two closed sets, defined by affine equality and convex
inequality constraints.
For linear programming problems, each iteration of the classical Dantzig-Wolfe decomposition is divided into two phases, dealing respectively with a master program and
several subproblems solution. Basically, the master program solves the original problem over an easier feasible set. For (7.4), this means taking points in the set Q from
(7.2) only using convex combinations of certain past iterates. Subproblems, instead,
maximize a relaxed form of the individual profits, over each set Pi .
The method in [LSS11] follows the pattern above, with the additional feature of handling inexact subproblem solution in a rather comprehensive framework, which is shown
to be convergent under mild assumptions. For illustration, we give here a combination
of the Jacobi-like techniques with a Josephy-Newton approximation for the particular
variational inequality problem (7.2)-(7.4).
Specifically, at the k-th iteration, feasible points {s0 , . . . , sk } ⊂ P are available. Instead of (7.2)-(7.4), the master problem defines the set
(
)
N
X
Qk = q ∈ <n : q ∈ conv{s0 , . . . , sk } and
1>i qi = d
i=0

and solves the variational inequality
find mk+1 ∈ Qk such that F (mk+1 ), p − mk+1 ≥ 0 for all p ∈ Qk .
The optimal multiplier corresponding to the (shared) demand constraint, λk+1 ∈ <,
defines a relaxed term to be incorporated in the subproblems, so that the corresponding
feasible sets become separable. In view of the simple shared constraint in (7.2), such
relaxed term has the form λk+1 (1, . . . , 1)> ∈ <n .
As mentioned, to induce subproblems separability, a Jacobi approach for (7.3) gives
the operators
∇i ri (pi , mk+1
on sub-variables pi only.
−i ) ,
Afterwards, a Newton linearization around mk+1
yields the approximation
i
Fik+1 : <ni → <ni

defined by

Fik+1 (pi ) = ∇i ri (mk+1 ) + ∇i2 ri (mk+1 )(pi − mk+1
).
i

The i-th subproblem adds to this approximation the relaxation term above and a regularization term, using a positive semidefinite matrix Mik+1 of order ni , to
find sk+1
∈ Pi such that
i
k+1 k+1
− mk+1
), pi − sk+1
≥ 0 for all pi ∈ Pi .
Fi (si ) + λk+1 1i + Mik+1 (sk+1
i
i
i
In this expression, the role of matrices Mik+1 is to ensure subproblems resolvability.
Therefore, such matrices are null if the approximation Fik+1 is already strongly monotone.
The procedure continues until satisfaction of certain stopping test, which essentially
ensures that mk and sk are close enough, thus yielding a good estimate for a solution
p̄; see [LSS11, Sec. 2.4]. The numerical experience in this work uses the well-known
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PATH solver [FM99] on a battery of 60 test-cases, with up to n = 10.000 power plants
divided among N = 5 players and the ISO, testing different solution procedures. The
benchmark shows that, even with an extremely simplified modeling of the power system,
large instances become intractable with a direct solution method, and can only be
solved by decomposition. The benchmark also puts in evidence the good properties of
the Jacobi-Newton variant above regarding scalability: as n grows, the computational
effort grows very slowly, at a linear rate.
The Dantzig-Wolfe decomposition was applied for the first time to variational inequalities in [FC05]. In this work, the authors consider single-valued strictly monotone
operators and assume that subproblems are solvable. The proposal was extended in
[CF10] to handle more general situations, including Jacobi approximations (but no
Newtonian linearizations). Related decomposition schemes have been considered in
[GZE09], and [GF10]. A different class of methods for distributing calculations (as in
the Jacobi approach), that combines projections with Tikhonov or proximal regularizations, has been considered in [KSH11].
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A. Diniz, C. Sagastizábal, and M.E. Maceira, Assessment of Lagrangian Relaxation with
Variable Splitting for Hydrothermal Scheduling, Power Engineering Society General Meeting, 2007. IEEE, june 2007, pp. 1–8.
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Appendix A. Convergence Analysis of Inexact Bundle Methods
We start by listing some consequences of various definitions in Section 4, obtained
after some simple algebra. First, note that (4.4) written with y = x̂k , together with
(4.3), the definition of Ek in (4.6), and (4.9), yield the relation
2 − αk
µk |xk+1 − x̂k |2 and, therefore, Ek ≤ δ k at all iterations.
2
k
Second, by adding δ to both members of the identity, we see that
αk + 2βk
inequality (4.10) holds ⇐⇒ δ k + Ek < −
(A.2)
µk |xk+1 − x̂k |2
2
1 + βk
(A.3)
⇐⇒ Ek < −
µk |xk+1 − x̂k |2
2
where the last equivalence follows from (4.10) and the left hand side identity in (A.1).
Finally,

 



 21 1 − (αk + βk ) µk |xk+1 − x̂k |2 
k
α
+2β
.
(A.4) if (4.10) does not hold, then δ ≥ max −Ek + k k µk |xk+1 − x̂k |2


2

 k
E

(A.1)

Ek = δ k −

The algorithm in Section 4.3 has individual counters for iterations declared serious,
or of noise attenuation, denoted respectively by SAk and NAk . Suppose the algorithm
loops forever, so that k → ∞. Then
(1) there are infinitely many serious iterates (SAk → ∞),
(2) the center is unchanged after a finite number of iterations (SAk = Sc
A for all k
large), and there are an infinite number of noise attenuation steps (NAk → ∞),
or
(3) the center is unchanged after a finite number of iterations (SAk = Sc
A for all k
k
c
large), there are a finite number of noise attenuation steps (NA = NA for all k
large).
We consider convergence in each of these cases now.
A.1. Infinite Serious Steps.
Theorem A.1 (Infinitely many serious iterates). Suppose SAk → ∞ and let Ks denote the indices of iterations that give a serious step (i.e., SAk = k). Then either
inf x∈<n f (x) = −∞, or δ k → 0 as Ks 3 k → ∞. Suppose, in addition, that (4.11),
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(4.12a) hold. Then, when δ k → 0 as Ks 3 k → ∞, lim inf Vk = 0. Moreover, if the
Ks 3k→∞

sequence {x̂k }Ks is bounded, then
lim

Ks 3k→∞

Vk = 0.

Proof. At each serious step k ∈ Ks we have
(A.5)
fˆk+1 ≤ fˆk − mδ k

and δ k ≥ 0,

where the second inequality follows from (4.11), recalling that a serious step can only
take place when no noise attenuation occurs. Thus, the non increasing sequence {fˆk }Ks
is either unbounded below or converges.
In the first case, by equation (4.1), the sequence {f (x̂k ) − ε̂kf }Ks is unbounded below
and since {ε̂kf } is bounded, it follows that {f (x̂k )} → −∞ as Ks 3 k → ∞.
In the case of convergent {fˆk }Ks , the inequality (A.5) implies that δ k → 0 as Ks 3
k → ∞. Since there is no noise attenuation, test (4.10) fails and (4.3) yields that

1
1 
k
k+1
k 2
δ ≥
1 − (αk + βk ) µk |x
− x̂ | =
1 − (αk + βk )|Gk |2 .
2
2µk
Together with assumptions (4.11) and (4.12a), we see that
1
(A.6)
both
|Gk |2 and Gk → 0 as Ks 3 k → ∞.
2µk
k
Moreover, by (A.1), δ k ≥ Ek , while (A.2) implies that δ k ≥ −Ek − αk +2β
µk |xk+1 − x̂k |2 =
2
+2βk
|Gk |2 . It follows that lim δ k ≥ lim |Ek | and, hence,
−Ek − αk2µ
k

Ek → 0 as Ks 3 k → ∞.

(A.7)

If {x̂k }Ks is bounded, the limits in (A.6) and (A.7) and the definition of Vk in (4.6)
show that lim Vk = 0, as stated.
Ks 3k→∞

k

If {x̂ }Ks is unbounded, both (A.6) and(A.7) hold and to show that lim inf Vk = 0
Ks 3k→∞

the relation
lim inf Gk , x̂k ≤ 0

(A.8)

Ks 3k→∞

should hold. To show this inequality, we start by taking squares in (4.3) to obtain
|x̂k+1 |2 − |x̂k |2 = µ12 |Gk |2 − 2 µ1k Gk , x̂k . Summing over Ks 3 i ≤ k, we have that
k

|x̂

k+1 2

1 2

| − |x̂ |

=

k
X

|x̂i+1 |2 − |x̂i |2

Ks 3i=1

(A.9)

=

k
X
Ks


11 i2
|G | − 2 Gi , x̂i .
µi µi
3i=1

If there were to exist some γ < 0 such that µ1i |Gi |2 − 2 hGi , x̂i i ≤ γ for all i ∈ Ks ,
then (4.12a) would imply that the right-hand side of the equality (A.9) tends to −∞
as k → ∞, while the left-hand side is bounded below by −|x̂1 |2 . This contradiction
implies that
1

lim sup
|Gk |2 − 2 Gk , x̂k ≥ 0 .
Ks 3k→∞ µk
Since the first term tends to zero, by (A.6), the claim in (A.8) holds.
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In the next two cases, a finite number of serious steps occurs. That is, after a finite
number of iterations the algorithmic center remains unchanged, so that there exists k̂
and x̂ such that x̂k = x̂ for all k > k̂. We require the additional assumptions on the
model Mk :
(A.10)

for all non-serious iterations k,
Mk (x̂) ≤ f (x̂) + ε̂g for a constant ε̂g ≥ 0

while, for all null iterations k,
(A.11)

Mk+1 (y) ≥ Mk (y) and
Mk+1 (y) ≥ f k+1 + g k+1 , y − xk+1

(A.12)

with the sequence {g k } bounded if {xk } is bounded.
A straightforward consequence of (A.10) is that, by (4.1), the error defined in (4.6)
is bounded below:
(A.13)

if (A.10) holds, then Ek ≥ −ε̄f − ε̂g .

A.2. Finite Serious Steps with Infinite Noise Attenuation. We now consider the
case of a finite number of serious steps with an infinite sequence of noise attenuation
steps.
Theorem A.2 (Finitely many serious iterates with infinite noise attenuation steps).
cA for all k sufficiently large, and suppose that NAk → ∞. Let Kt
Suppose that SAk = S
denote those iterations when inaccuracy is detected. If (A.10) holds, then lim Vk =
Kt 3k→∞

0.
Proof. First note that if k ∈ Kt , then by equation (A.3), Ek < 0. Moreover, combining
(A.3) and (4.3), we see that
1 k+1
2µk Ek
2
|G | = |x
.
− x̂| < −
µk
(1 + βk )
k 2

As a result, by (4.6) and (A.13),
q
p
k
k
0 ≤ V ≤ −2µk E /(1 + βk )(1 + |x̂|) ≤ 2µk (ε̄f + ε̂g )/(1 + βk )(1 + |x̂|).
After all serious steps have been done, NAk → ∞ and, since the sequence {µk }k∈Kt is
decreasing, µk → 0 and V k → 0 as Kt 3 k → ∞.

A.3. Finite Serious Steps with Finite Noise Attenuation. Before stating the
next theorem, recall that NAk is non-decreasing during null steps. Therefore, if a finite
number of serious steps occurs, then NAk is non-decreasing after a finite number of
iterations. In this case, if NAk is bounded above, then NAk must reach its finite limit
after a finite number of iterations. After this point, no noise attenuation occurs ((4.10)
does not hold) and NAk will remain unchanged in all future iterations. In order to prove
convergence in this case we use the following lemma.
At null steps, the prox-parameter is allowed to increase only if there was no noise
attenuation step after generating the current algorithmic center x̂. Otherwise, the proxparameter remains unchanged.
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Lemma A.3 (Convergence of the value function). Suppose that a finite number of
k
serious iterates and noiseattenuation steps
 occur, so that for all k ≥ k̂ we have SA =
cA, NAk = Nc
S
A, and δ k ≥ 21 1 − (αk + βk ) µk |xk+1 − x̂|2 . Let
1
OVk := Mk (xk+1 ) + µk |xk+1 − x̂|2
2
be the optimal value of the problem solved to define xk+1 . Suppose the model functions
satisfy (A.10) and (A.11). Then the values OVk are increasing and bounded above and,
therefore, the sequence {OVk } is convergent.
Proof. First note that, as no noise attenuation occurs past k̂, we have that {µk } is a
non-increasing sequence for all k ≥ k̂.
Consider k ≥ max{k̂, k̄}. Keeping in mind (A.11) and that µk is non-increasing, we
have that
OVk+1 = Mk+1 (xk+2 ) + 21 µk+1 |xk+2 − x̂|2
= miny {Mk+1 (y) + 21 µk+1 |y − x̂|2 }
≥ miny {Mk (y) + 12 µk+1 |y − x̂|2 }
≥ miny {Mk (y) + 21 µk |y − x̂|2 }
= OVk .
Therefore {OVk } is non-decreasing, as stated. To see that the sequence {OVk } is bounded
above, note that
1
OVk ≤ Mk (x̂) + µk |x̂ − x̂k |2 = fˆ − Ek ≤ f (x̂) + ε̄f + ε̂g ,
2
by (A.13). It then follows that {OVk } converges.

We are now in position to prove our last convergence statement.
Theorem A.4 (Finitely many serious iterates and noise attenuation steps with infinitely many null steps).
Suppose that a finite number of serious iterates and noise attenuation steps occur, so
that for all k ≥ k̂ we have SAk = Sc
A, NAk = Nc
A, and δ k + Ek ≥ 0. Let x̂ be the point
found by the last serious step (i.e., x̂k = x̂ for all k ≥ k̂).
If (A.10) and (A.11) hold, the sequence {xk } is bounded.
If, in addition, (4.11), (A.12), and (4.12c) hold, then δ k → 0. As a result,
lim xk = x̂ , lim Mk (xk+1 ) = fˆ , and lim Vk = 0.
k→∞

k→∞

k→∞

Proof. We again assume that k is large enough, so that x̂k = x̂ is fixed, no noise
attenuation occurs. Thus {µk } is a non-decreasing sequence bounded below by certain
positive minimal value, µmin . Let
1
OVk := Mk (xk+1 ) + µk |xk+1 − x̂k |2
2
be the optimal value of the problem defining the next iterate. By (4.3), for all y it holds
that
2hGk , y − xk+1 i = 2µk hx̂ − xk+1 , y − xk+1 i = µk |xk+1 − x̂|2 + µk |y − xk+1 |2 − µk |y − x̂|2 .
Since Mk is affine and Gk is its gradient, this implies that
Mk (y) = Mk (xk+1 ) + hGk , y − xk+1 i
= Mk (xk+1 ) + 12 µk |xk+1 − x̂|2 + 21 µk |y − xk+1 |2 − 12 µk |y − x̂|2
= OVk + 12 µk |y − xk+1 |2 − 21 µk |y − x̂|2 .
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Therefore
1
1
Mk (y) + µk |y − x̂|2 = OVk + µk |y − xk+1 |2 .
2
2
1
k
k
Evaluating at y = x̂, we see that M (x̂) = OV + 2 µk |x̂ − xk+1 |2 . Assumptions (A.10)
and (4.5) imply that OVk + 21 µk |x̂ − xk+1 |2 ≤ f (x̂) + ε̂g . The optimal values converge,
by Lemma A.3, so the second term above is bounded. Moreover, since µk ≥ µmin , the
sequence {xk+1 } is bounded, as stated.
Using assumption (A.11) in (A.14), we see that Mk+1 (y)+ 21 µk |y − x̂|2 ≥ OVk + 21 µk |y −
k+1 2
x | , and evaluating at y = xk+2 , this implies OVk+1 ≥ OVk + 21 µk |xk+2 − xk+1 |2 . Since
{OVk } converges and {µk } is non-decreasing, this demonstrates that |xk+2 − xk+1 |2 → 0.
The assumption (4.11) implies that δk ≥ 0 when (4.10) fails. The descent test also
fails: f k+1 > fˆk − mδ k . Adding δ k to both terms and using the definition in (4.9) we
obtain that
0 ≤ (1 − m)δ k = δ k + f k+1 − fˆk
(A.14)

1
= f k+1 − Mk (xk+1 ) − αk µk |xk+1 − x̂|2
2
k+1
k k+1
< f
− M (x )
≤ − g k+1 , xk+2 − xk+1 + Mk+1 (xk+2 ) − Mk (xk+1 ),
where the last inequality follows from adding ±Mk+1 (xk+2 ) and applying assumption
(A.12). Since the sequence {xk } is bounded, so is {g k }, say by a constant ḡ. Continuing
and using that µmax ≥ µk+1 ≥ µk , we have that
0 ≤ (1 − m)δ k ≤
=
≤
=

ḡ|xk+2 − xk+1 | + Mk+1 (xk+2 ) − −Mk (xk+1 )
ḡ|xk+2 − xk+1 | + OVk+1 − 21 µk+1 |xk+2 − x̂|2 − OVk + 21 µk |xk+1 − x̂|2
ḡ|xk+2 − xk+1 | + OVk+1 − OVk + 12 µk+1 (|xk+1 − x̂|2 − |xk+2 − x̂|2 )
ḡ|xk+2 − xk+1 | + OVk+1 − OVk +
1
µ (2 xk+2 − xk+1 , x̂ − xk+1 − |xk+2 − xk+1 |2 )
2 k+1
≤ ḡ|xk+2 − xk+1 | + OVk+1 − OVk + 12 µmax |xk+2 − xk+1 ||x̂ − xk+1 |.

Since the sequence {xk } is bounded, |xk+2 − xk+1 | → 0, and {OVk } converges, by
Lemma A.3. So the right hand side of the above tends to zero and, therefore, δ k → 0.
By (A.4) and (4.11), 2µ1k |Gk |2 → 0, and (4.12c) implies that |Gk | → 0. Therefore,
by definition (4.3), xk → x̂. Using once more (A.4), and the fact that 2µ1k |Gk |2 → 0
provides lim δ k ≥ lim |Ek |, so lim |Ek | = 0 and the results follow from the definitions in
(4.6).

The interest of the results above is that neither convexity of the function f nor
subgradient information of f is used along the proofs. Of course, if gradient information
is available, even if inaccurate, it should be used to define the models. As long as the
model functions satisfy (A.10) at non serious iterations, and both (A.11) and (A.12) at
null iterations, the optimality measure Vk will tend to zero for some infinite subsequence.
At serious iterations, one should just ensure boundedness of the generated sequence: it
does not matter what the model is.
To give a meaning to Vk → 0 in terms of the problem we want to solve, the model
should satisfy (4.13) . In this case, the optimality certificate (4.14) will ensure optimality
of x̂ (or of a limit point of the serious sequence). Clearly, if the function is convex,
building a model satisfying (4.13) is possible. In particular, as shown in Remark 4.1, in
the setting in Section 3 it is possible to defined an inexact oracle such that (4.13) holds
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with ε̄ = 0. Since (4.13) implies (A.10), for the decomposition setting, only (A.11) and
(A.12) need to be checked. These inequalities are satisfied by applying standard rules
for bundle compression, described in [BGLS06, Ch. 10].
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